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, Mc(Rix5) + McCRY)
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Seiberg-Witten curves for 4d N = 2 Sim

=Spectral curves for affine Toda systems
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- Construction extends to GFU(n) (Hitchin) and

C with singularities (Markman , Biguard-Boalch) .

- Periodic Toda can be interpreted as a singular
Hitchin system on I'

,
and Donagi-Witten 185

showed that Mc(Trocus
,
sem ,
Rixs') is a

Singular Hitchin system
on an elliptic curve .
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- Namely ,
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are all isomorphic and related to local systems on C
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- For a group G
and nonsingular 4 , they are the

character variety [N ,
C+Gc3/Ge

·

- For periodic Toda ,
where C=Pl

,
G= V(n)

,
andI

har certain singularities at 0
,
-C

, they are

& geln , FinFFlust. /
- Note that those complex structures have the structure

of an affine variety ,
but MHigg ,

does not
.
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- A remarkable duality between Higgs and Coulomb
branches onI was found by Intriligator-Seiberg 196
and further developed by Hanay-Witten 96.

- I's found that for certain &d N = 4 theories T,

there exists a d mirror Tu such that

McCT,RY = MyCTYRY and MulTiR =Mc(TYRY)

- H-W gave a string-theoretic framework for producing
many more examples of such pairs .

- In particular , for Ed N = 4 theories the relation between

Coulomb and Higgs branches is (sometimes) symmetric .

~ Aspects of this were rediscovered as the symplectic

duality of Braden-Licata-Proudfoot-Webster 'Of .
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- This is a simple example of a quiver gauge theory .

- Quiver w/ vertices labeled mic-cluk
,

some

" circled" and some "boxed"

my G = π u(ni)
,
V= Hom(ci

,
(
*

(
circled i

n - 1

-
- Above example : 1 - 1 + ... -> 1 + 1 Eas 1 t u

Ex (H = w) I I U(k) SQCD

w/m flavors
↓ ↑

1 + 2 + .. - > k + . -
-> k- ...

- 2 - 1 Aus *- m

-

m - 2k + 1

Ex (Gaiotto-Witten 'of)

1 + 2 - ... -> # - k is self-mirror
.
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* V = VOU"w/

moment map M
: T

*

V + g*, <X ,
M(v

,E1) = < X v
,3)

- We than have MH(TC) : = T
*VIIIG = M(d) //Ge

# V = C"
,
z = T(or(u)) = y(v ,

3) = (
...,
viEi-Vitin

,
--)

=> m (0) = Ev , 3 ,

= ..
. = vnEn3

- P(mi(o)] = D(x , y ,z)/(xy-z) for X = v
,
--- Un ,

y = 3, - -- En
,

z = X
, E ,

= MH= /In

Ex V = (
,
G = z(u(n) = m(v

,
3) = z(v)

- (v
,3) voze End (v) identifier MH Omin ? NAn-

- First case : dim MH = 2
,
dim Mc = 2u-2

Second case : dim MH = 2n-2
,
dim Mc = 2
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-HitchinGymCoulomb Branco-T to
derive the 5-W systems of all 4d N = 2 An or Al

quiver gauge theories identifying them as singularj

Hitchin systems on P' or an elliptic curve .

- Crucial insight : such a theory can be interpreted

as a compactification ofa non-Lagragion
~ 6d

Gd Jury QFT I
↑
associated to an ADE type T

and constructed via string theory.
- Garotto 'Of extended this

, showing a large class
of other gauge theories could be approached
this way using more general curves.

- Moreover , any ADE Hitchin system of any curve C

is the S-W system of the 4d
N = 2 theory

~ Gd

Tin obtained by compactifying ↓
is on C.
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(partial) canonical basis associated to
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basis E xiiizies
, minei

of cluster monomials ,

and is fructions on a (decorated) Shy-character

variety of IP Spt3 .

- Gaiotto-Moore - Netzke 10 : as functions on

Mc(Tc
,
An

,
IRoxs') these canonical basis

elements correspond to vacuum expectation

values of line defects wrapping 5
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- More generally , the analysis of GMN "10

suggests that for any 4d N = 2 theory T,

MeLT,Rs') = SpecAt
where we consider the generic complex
Structure on the left and QCT) is

the BPS quiver of T .
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- Recall the charge lattice Ten(v) of T at veMc(T , RY)
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which has a skew-symmetric pairing and give
a grading for the Hilbert Space H(r) of Tat v .

- The BPS spectrum at v is the Set of reTen(v)
such that H&P(V) 0 .
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- Recall the charge lattice Ten(v) of T at veMc(T , RY)
,

which has a skew-symmetric pairing and give
a grading for the Hilbert Space H(r) of Tat v .

- The BPS spectrum at v is the Set of reTen(v)
such that H&P(V) 0 .

- Then EPS BPS · . Dynkin .
root

↓

quiver spectrum. diagram system

- This quiver depends on the choices made
,

but the resulting cluster algebra does not.

- Cocotti 12 : explicit recipe for Q(T)
·

EX :

z = su(4)
,
~ Q(Tan)=nV = Vw , + zwe


