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Last Time Coulomb branches

- 4dN : 2 theory : McCRXS) < Mc(IY)
20 + pt S

7

3 d N = 4 theory : McLIRY

- Two main

Tzv Tc,
classes Xa X ↑

Sup rep curve ADE

of 4d N = 2

theory : --

garage theories
class S

- Mathematical realizations of Coulomb branches :
-

1) Mc(Tc
,
p ,R

*
x5) = Hitchin moduli space of CN

2) T is 3dmirror to a gauge theory Tai

=> McIT
,
IR) = MH(Tan) = T * V .

G



Clusters and Lines

- Fock-Goncharov 'OP : regular functions on the
- Lu-character variety of a punctured curve C

is a cluster algebra , an algebra to with

(partial) canonical basis associated to

a quiver Q (Fomin-Zelevinsky 'OI)
.

Ex Aaz = k[X , , . . . ,Xe]/ <Xi-i Xi+= Xi + 1Dzies has a
basis E xiiizies

, minei
of cluster monomials ,

and is fructions on a (decorated) Shy-character

variety of IP Spt3 .

- Gaiotto-Moore - Netzke 10 : as functions on

Mc(Tc
,
An

,
IROXs') these canonical basis

elements correspond to vacuum expectation

values of irreducible line defects wrapping 5



Clusters and Lines

- Kapustin-Saulina 'OF had previously suggested
Vers of Wilson-'t Hooft lines L

,u give a basis

for functions on Mc(Tar , Rixs') .

- HereR is a coweight , Me is a weight , and

XLx
,mb) trutolquix(A) &

- is(t)/nydd"
Fr

,
i
↑ fidds asymptotic to v w/ i-monopole

singularity along Em3XII
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Vers of Wilson-'t Hooft lines L

,u give a basis

for functions on Mc(Tar , Rixs') .

- HereR is a coweight , Me is a weight , and

XL
,
m S trutolquix(A) &

- is(t)/nydd"
Fr

,
i
↑ fidds asymptotic to v w/ i-monopole

singularity along Em3XII

- But the arguments of GMN are more generals

suggesting another Coulomb realization :

3) MeLT,Rs') espectat
,
where we

take the generic complex structure on the
left and QCT) is the EPS quiver of T .



Clusters and Lines

- Recall the charge lattice Ten(v) of T at veMc(T , RY)
,

which has a skew-symmetric pairing and give
a grading for the Hilbert Space H(r) of Tat v .

- The BPS spectrum at v is the Set of reTen(v)
such that H&P(V) 0 .



Clusters and Lines

- Recall the charge lattice Ten(v) of T at veMc(T , RY)
,

which has a skew-symmetric pairing and give
a grading for the Hilbert Space H(r) of Tat v .

- The BPS spectrum at v is the Set of reTen(v)
such that H&P(V) 0 .

- Then EPS BPS · . Dynkin .
root

↓

quiver spectrum. diagram system

- This quiver depends on the choices made ,

but the resulting cluster algebra does not.

- Cocotti 12 : explicit recipe for Q(Tan)
·

EX :
z = su(4)

,
~ Q(Tan)=nV = Vw , + zwe



The BFN Construction

- Braverman-Finkelberg-Nakajima 15 gave a general
realization of Mc(Tav ,

IRY) and Mc(Te ,Rix() ,

building on calculations of Cromonesi-Hanary -
Zaffaroni 14 .



The BFN Construction

- Braverman-Finkelberg-Nakajima 15 gave a general
realization of Mc(Tav ,

IRY) and Mc(Te ,Rix() ,

building on calculations of Cromonesi-Hanary -
Zaffaroni 14 .

- Key idea : Mc(Tar , 1RG) should be the Hilbert

space to 52 assigned by a topological twist of
Ta

,
which should in turn be a linearization

of the space of maps 52-> V/G

- We can model 52 in algebraic geometry as

IB = 08, 0 ,
the "bubble" of formal disks

,

and linearize by taking Bore-Moore homology .



The BFN Construction

-

Letting O : KS2t]]
,
E = D(t))

,
we have

Maps (IB , VIG) Volgo *VaYo/Go
= Rau/Go

,

where Rav : = EightGra , seVongvol/Go
- Then the BFN Coulomb realization is :

4) McCTav , IR = H: (Ray) and in its generic
complex structure Mc(Tar , Rox5)

= K0(Rai) .

S



The BFN Construction

-

Letting O : KS2t]]
,
E = D(t))

,
we have

Maps (IB , VIG) Volgo *VaYo/Go
= Rau/Go

,

where Rav : = EightGra , seVongvol/Go
- Then the BFN Coulomb realization is :

4) McCTav , IR = H: (Ray) and in its generic
complex structure Mc(Tar , Rox5)

= K0(Rai) .

-

Setting Y = Vo/Go
,
Z = Ve/Gk

,
the diagram

(YY)x(YET)YTEY YEY
S

induces a product on both linearizations.

- These turn out to be commutative
,
and are

quantized by adding loop rotation equivariance.



The BFN Construction

- Let's check Mc(Tzleml
,
er) = MH(Ticoal

,
en) = 12/ **

- Torns ToVEH. (v) has the following features :

1) HI(V) freely generated over Hi(pt)= (t] by [V] ·

2) For WEV
,
[W] = e (V/W) [V]

,
where the Euler class

· (V/W) EHilpt) is the product of the weights of VIW .

3) We have Hilpt)-linear maps ix : H = (w)HI(V) : i :

given by ix[W] = [W] and i : [V] = [W]

4) We have [WJRCW'] = e(V/WW' [WoW']
,

S
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- Let's check Mc(Tzleml
,
er) = MH(Ticoal

,
en) = 12/ **

- Torns ToVEH. (v) has the following features :

1) HI(V) freely generated over Hi(pt)= (t] by [V] ·

2) For WEV
,
[W] = e (V/W) [V]

,
where the Euler class

· (V/W) EHilpt) is the product of the weights of VIW .

3) We have Hilpt)-linear maps ix : H = (w)HI(V) : i :

given by ix[W] = [W] and i : [V] = [W]

4) We have [WJRCW'] = e(V/WW' [WoW']
,

- Recall that Gr+= S(t*]xep ,
honce R : = RT

,
V

S isR ,
where R* = Vont"Vo.

- HI(R) generated as Hilpt)-algebra by
[mx = [R

* Exer
,

with identity Mo .



The BFN Construction

- Given R,Re+PY write Vo = Vo
,
V= Vo

,

v2 = t
* + 42 Vo ,

and Vo = VonV'
,
etc...

-

WritingV voir, voz = R*
+2

, we then have

Mr
,Mrz

= ioxi ([V * Ju
,
[V1])

S



The BFN Construction

- Given R,Re+PY write Vo = Vo
,
V= Vo

,

v2 = t
* + 42 Vo ,

and Vo = VonV'
,
etc...

-

WritingV voir, voz = R*
+2

, we then have

Mr
,Mrz

= ioxi ([V * Ju
,
[V1])

- Now take V ="
,
T = z(Glu), 0 pr = * , Hi(pt)

=D(3]
·

MFR2-1 : vo = ve = Vo
,
V = Vo = tVotto Vo

=>
m

,
m - 1

= ioexi ; (tVo] = e (VoltVo) [Vo] = E"Mo

↑- 1
, Meli Vo = ve = Vo , v' = Evo = +Voivo Vo

=> m
-,
m

.
= Toxiie(tVo/Vo) [tVo] = 3"Mo

S

- One similarly checks m = Mr , MF = M-K ,
hence

Hi(R)= (m ,m . , ,27 /m ,
m
..
- En>=[

2

/Xn]



The BFN Construction

- Similarly , as a KT(pt]
= DCT] - algebra FT(R) is

generated by EXx = [Ox : = Ori] Sept , and

X
2,X22

= [Or
,

* 0xz = iozi (Ovav .
Oviz)]

-

S



The BFN Construction

- Similarly , as a KT(pt]
= DCT] - algebra FT(R) is

generated by EXx = [Ox : = Ori] Sept , and

X
2,X22

= [Or
,

* 0xz = iozi (Ovav .
Oviz)]

- Now take V = C
,
T = Glac 5 o KT(pt) = C(zF]

,
where

z is the usual generator w/ a sign · Write FFS13

for the equivariant shift ,0 0 . g . [FE13T = -z[F] ·

MFR2-1 : vo = ve = Vo
,
V = Vo = tVotto Vo

=> 0 , 0_ 1
= ioxit Otro = Ov

,
[13 -Ove

=> X
, X-1 = Xo + zXo

S

↑- 1
, Meli Vo = ve = Vo , v' = Evo = +Voivo Vo

=> 00 ,
Fiorit (OrOvoOE3-Otvo =O

=> X-1X ,
= Xo + ZXo



The BFN Construction

- Again we could check X= XK I X* = X-K , hence

↓ (R) = C(X ,, X - 1 ,
z
*

]/(X ,
X
- 1
= 1 + z) = A .+,

the

cluster algebra of the A , -quiver wy a frozen variable.

S



The BFN Construction

- Again we could check X= XK I X* = X-K , hence

↓ (R) = C(X ,, X - 1 ,
z
*

]/(X ,
X
- 1
= 1 + z) = A .+,

the

cluster algebra of the A , -quiver wy a frozen variable.

- In gange theory terms ,
CohE(Rain) provides a

realization of the category of line defects in

a holomorphic-topological twist of Tev .

- Wilson-'t Hooft limes are realized by irreducible

Koszul-perverse sheaves (Cantic-w :
'20)

,
which

generalize the coherent IC sheaves studied

by Bezrukaunikov-Finkelberg-Mirkovic 103 .

S

- They are known to categorify the expected
cluster algebra when G

= Gle
,
V = C2 and

G = GLn
,
V = 0 (Cautio-W .

"

(8) .



The Plancherel Algebra
med

- Gaiotto-Witten 108 : the Ed N = 4 theory I
av yields

a boundary condition for 4dN = 4 SYM (i
.
-

. Tir).

- This should produce an algebra Aav in the Satake

category Sh
* (Erc)

,
the category of line defects

in A-twisted 4d N = 4 SYM
·



The Plancherel Algebra
- Gaiotto-Witten 108 : the Ed N = 4 theory Ther Yields
a boundary condition for 4dN = 4 SYM (i

.
-

. Tir).

- This should produce an algebra Aav in the Satake

category Sh
* (Erc)

,
the category of line defects

in A-twisted 4d N = 4 SYM
·

- BFN'19 realize Agiv in terms of Rev as follows .

- We can interpret H (Re) as the renormalized

cohomology of the dualizing sheaf we , a certain
shifted pushforward along Ran + Pt.

- But this projection factors through Rav> Gray
and powe is an algebra in Su(Gra) for

the Jaine reason HEPR) is an ordinary algebra.



The Plancherel Algebra
- An alternative realization of Azu was given

by EPFRT '22 and BZEV 24 .

In BESV

it is called the Planchore alytra IPLv and

generalized to the nonlinear context .

- There is a natural actionEre) Sh(YE)
,

and IPIv is defined as the relative endomorphism

algebra of the basic object WreSh
*
(VI).

Li . e .
Hom (F

,
End" (Wvd) = Hom (** Wvo ,Lovd) .



The Plancherel Algebra
- An alternative realization of Azu was given

by EPFRT '22 and BEEV 24 .

In Bz5X

it is called the Planchore alytra IPLv and

generalized to the nonlinear context .

- There is a natural actionEre) Sh(YE)
,

and IPIv is defined as the relative endomorphism

algebra of the basic object WreSh
*
(VI).

Li . e .
Hom (F

,
End" (Wvd) = Hom (** Wvo ,Lovd) .

- The works above show IPL vEAav ,
and since by

construction HAzv = H (Ray)
&
wa obtain

another Coulomb branch realization :

5) Mc(Tan
,
R = SpeHiPLv


