IND-GEOMETRIC STACKS

SABIN CAUTIS AND HAROLD WILLIAMS

ABSTRACT. We develop the theory of ind-geometric stacks, in particular their coherent and
ind-coherent sheaf theory. This provides a convenient framework for working with equivariant
sheaves on ind-schemes, especially in derived settings. Motivating examples include the

double affine Hecke category and its relatives from the theory of Coulomb branches.
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1. INTRODUCTION

Equivariant sheaves are central objects in geometric representation theory. If G is an
algebraic group acting on a variety X, then G-equivariant sheaves on X can be reformulated
as sheaves on the quotient X/G. In general X/G will be an algebraic stack, and it will
contain strictly less information than X together with its G-action. But it is useful to discuss
X/G independently of X and G, for the same reasons it is useful to discuss smooth manifolds
independently of an atlas: many results are stated and proved most clearly in coordinate-free
terms, and choosing coordinates can obscure important symmetries.

In applications one often considers more general geometric settings. Our immediate
motivation is the work of Braverman-Finkelberg-Nakajima [BFN18], who associate a space
Ra n to a reductive group G and a representation N. This is acted on by G, the group
of maps Spec O — G (where O = C[[t]]). The Coulomb branches of certain gauge theories
associated to G and NN can be interpreted as the spectra of the Gp-equivariant Borel-Moore
and K-homology of R n. In [CW23a] we construct a canonical basis in the latter, induced by
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a nonstandard t-structure on the category Coh®® (Ren) of Go-equivariant coherent sheaves
on Rg.n-

This setting differs from that of the first paragraph in three main ways. First, Rg v is an
ind-scheme rather than a variety. Second, G is an infinite-type group scheme rather than
an algebraic group. And third, R¢ v is an object of derived rather than classical algebraic
geometry. The considerations in the first pagragraph are greatly amplified by this last point:
already R¢ n is an object of higher-categorical mathematics, whereas in the classical setting
one can avoid such complications by avoiding the language of stacks.

On the other hand, the first and third points imply that Re n/Ge is not an algebraic (i.e.
Artin) stack, even in the derived sense [TV08]. Instead, R¢g n/Go is an example of what we
call an ind-geometric stack. The purpose of this paper is to develop the basic theory of such
objects, in particular to provide a foundation for our study of Coh%® (Re,n) in [CW23al.

1.1. Summary of definitions and results. We refer to Section 2 for detailed conventions.
For now the reader may take k to be a field of characteristic zero and CAlg, the (enhanced
homotopy) category of nonpositively graded commutative dg k-algebras.

In Section 3 we review the basic theory of geometric stacks. Following [Lurl8, Sec. 9]
a geometric stack will mean a functor X : CAlg, — & which satisfies flat descent, has
affine diagonal, and admits a flat cover Spec A — X (here 8 is the category of spaces). We
caution that this corresponds to the notion of zero-geometric stack in the terminology of
[TV08, Sec. 1.3.3]. Two key results established in this section are that geometric stacks
are convergent (Proposition 3.13) and that they are compact in the category of convergent
1-stacks (Proposition 3.16).

Section 4 contains the definition and basic theory of ind-geometric stacks. An ind-geometric
stack is a filtered colimit X = colim X, of truncated geometric stacks along closed immersions
in the category of convergent stacks. Here truncated means the structure sheaves of the X,
are bounded. This definition naturally extends the derived notion of ind-scheme considered
in [GR14]. An ind-geometric stack is reasonable if the maps among the X, are almost finitely
presented, and this in turn naturally extends the notion of reasonableness considered in
[BD96, Ras19].

In Sections 5 and 6 we develop the theory of coherent and ind-coherent sheaves on ind-
geometric stacks. In each case the category of sheaves on an ind-geometric stack X = colim X,
as the colimit under pushforward of the categories of sheaves on the X, as in the case of
ind-schemes. We describe the functoriality of such sheaves under pushforward, finite Tor-
dimension pullback, and proper !-pullback, and establish various compatibilities between
these. Note that in this generality we use the term coherent sheaf for what would be called a
bounded almost perfect sheaf in [Lurl8], or a bounded pseudocoherent complex in [I1171].

The most subtle point here is the definition of ind-coherent sheaves on a general geometric
stack X. We define IndCoh(X) as the left anticompletion of QCoh(X) [Lurl8, Thm. C.5.8.8],
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which characterizes IndCoh(X) by a universal property with respect to bounded, colimit-
preserving functors. This is the natural extension of Krause’s category of injective complexes
beyond classical derived categories [Kra05]. The discrepancy between quasi-coherent and
ind-coherent sheaves is minor in the setting of geometric stacks, but substantial in the setting
of ind-geometric stacks (or ind-schemes). In particular, even if we are mainly interested in
coherent sheaves on ind-geometric stacks, it is necessary to introduce ind-coherent sheaves in
order to make sense of various adjoints, in particular !-pullback and sheaf Hom.

We caution that, despite the notation, IndCoh(X) is not compactly generated in general.
However, this does hold for the class of coherent ind-geometric stacks, studied in Section 7.
A geometric stack X is coherent if it admits a flat cover Spec A — X with A a coherent
ring, and if the abelian category QCoh(X)" is compactly generated. The second condition
is automatic if A is Noetherian, and beyond this it can be managed using the notion of
tamely presented morphism studied in [CW23b]. An ind-geometric stack is coherent if every
reasonable geometric substack is coherent.

In Section 8 we study sheaf Hom in the setting of ind-coherent sheaves on ind-geometric
stacks. Although ind-coherent sheaves do not have a tensor product in general, they do
admit external products. This is sufficient to have a good notion of sheaf Hom via the
formula Hesre (F, —) = (FX —)®Ax,, where F € Coh(X) and (FX —)# : IndCoh(X x X) —
IndCoh(X) is the right adjoint of the external product. In the geometric case this is compatible
with the usual quasi-coherent sheaf Hom. Moreover, it is compatible with pushforward, hence
is determined from the geometric case by the formula Hewsz (i, (F'), —) = iy Horre (F', i (—))
for any reasonable geometric substack i : X’ — X and any F’ € Coh(X"). This treatment of
sheaf Hom will play an important role in establishing the rigidity of the monoidal category
Coh®®(Reg.n) in [CW23a].

Let us close by noting that another (ultimately equivalent) definition of the category
IndCthO(RQ ~) is provided by the formalism of renormalizable prestacks developed in
[Ras19]. The main difference between this formalism and the one developed here is whether
Ren/Go is viewed as a quotient of an inductive limit of schemes or as an inductive limit of
quotients of schemes. The latter view turns out to be more efficient for our purposes.

On one hand, this lets results about various classes of morphisms be reduced to the affine
case in fewer steps, non-affine schemes being bypassed entirely. This will be a decisive
advantage in our study of morphisms with coherent pullback in [CW23b]. On the other
hand, compared to quotients, inductive limits have a more dramatic effect on coherent sheaf
theory, insofar as they break the close relationship between quasi-coherent and ind-coherent
sheaves. The result is that certain technical complications (e.g. the appearance of multiple
anticompletion /renormalization steps) are avoided if inductive limits are delayed until after
all quotients have been taken.

Acknowledgements.
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2. CONVENTIONS AND NOTATION

Our notation generally follows [Lurl8] unless otherwise specified. We write Cato, (resp.
6a\too) for the co-category of small (resp. not necessarily small) co-categories, 8 C Caty, for
the oco-category of spaces, Sp for the co-category of spectra, and Pr" C (/JEGOO for the category
of presentable co-categories and functors which preserve small colimits. We use the terms
category and oo-category interchangeably, and say ordinary category when we specifically
mean a category in the traditional sense. Given morphisms f: X — Y, ¢g:Y — Z in an
oo-category €, we often refer by abuse to the composition g o f, with the understanding that
this is only well-defined up to homotopy.

Our most significant departure from [Lurl8] is that we use cohomological indexing and
notation for t-structures. Thus if € has a t-structure (€=, €2%) with heart €V we write
TSP @ = G, H™ : @ — @Y, ete., for the associated functors. This is of course more
consistent with the general conventions in algebraic geometry, but it does create some
awkwardness in that it remains most convenient to write 7, for the subcategory of n-
truncated objects in an oo-category D. Thus, for example, 7<,,(€=<?) and €= refer to the
same subcategory of C. The reader can remain oriented by distinguishing subscripts from
superscripts, which should respectively be read homologically and cohomologically.

IfCe éa\too is monoidal we write CAlg(C) for the category of commutative algebra objects
of €. When € =2 Sp=" is the category of connective spectra we omit it from the notation,
so that CAlg denotes the category of connective E.,-rings (we omit the superscript used in
[Lurl8] since we never consider nonconnective E.-rings). Its full subcategory 7<(CAlg is
equivalently the ordinary category of ordinary commutative rings.

Given A € CAlg, we write CAlg, := CAlg,, for the category of commutative A-algebras,
T7<,CAlg 4 for the subcategory of n-truncated algebras, and 7., CAlg, := U, 7<,CAlg, for
its subcategory of truncated algebras (i.e. n-truncated for some n). If A is an ordinary ring
containing Q then CAlg, is equivalently the (enhanced homotopy) category of nonpositively
graded commutative dg algebras. We write Mod4 for the category of A-modules (i.e. A-
module objects in the category of spectra). If A is an ordinary ring this is the (enhanced)
unbounded derived category of ordinary A-modules (i.e. of Mod).

Throughout the text we fix a Noetherian base k € CAlg. That is, H°(k) is an ordinary
Noetherian ring and H"(k) is finitely generated over H°(k) for all n < 0.

We write PStky for the category of prestacks over Speck, i.e. functors CAlg, — 8.
Similarly we write fTSH(k, PStky, <, for the categories of functors from 7., CAlg,, 7<,CAlg,
to 8. A stack will mean a prestack which is a sheaf for the fpqc topology on CAlg, [Lurls,
Prop. B.6.1.3], and we denote the category of stacks by Stk; C PStky. Similarly we
write S/t\kk - P/Sﬁqc, Stky <n C PStky <, for the subcategories of fpqc sheaves on 7., CAlg,,
T<n,CAlg,, (note that 7., CAlg, does not admit arbitrary pushouts, but for the application of
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[Lurl8, Prop. A.3.2.1] in defining the fpqc topology closure under flat pushouts is sufficient).
We write Spec for the Yoneda embedding CAlg, — Stky.

Given k' € CAlgy, the natural functor PStky — (PStky) /spec s is an equivalence by [Lur09,
Cor. 5.1.6.12], and we record the following analogue for stacks.

Lemma 2.1. The equivalence PStky — (PStkk)/Speck/ restricts to an equivalence Stk —
(Stkk)/Spec k' -

We will make use several times of the following standard fact (c.f. [Gai, Sec. 1.3.4]).

Lemma 2.2. Let € = colim €, be a small colimit in Pr", with F, : €, — € the canonical
functors and G, : C — C, their right adjoints. Then any X € C can be written as
X = colim F,G,(X).

3. GEOMETRIC STACKS

In this section we recall the basic theory of geometric stacks, and establish some results
we will need in later sections. The most important of these are that geometric stacks
are convergent (Proposition 3.13) and are compact in the category of convergent 1-stacks
(Proposition 3.16).

3.1. Definitions. Recall our convention that a stack means a functor CAlg, — § satisfying
fpqc descent (here k is our fixed Noetherian base), and that the category of stacks is denoted
by Stkg. Our usage of the term geometric stack follows [Lurl8, Ch. 9] (up to the presence of
the base k), though we caution again that the terminology varies in the literature.

Definition 3.1. A stack X is geometric if its diagonal X — X x X is affine and there exists
faithfully flat morphism Spec B — X in Stk,. A morphism X — Y in Stky is geometric
if for any morphism Spec A — Y, the fiber product X Xy Spec A is geometric. We write
GStk, C Stk for the full subcategory of geometric stacks.

Note here that products are taken in Stky, hence are implicitly over Spec k. Also note that
affineness of X — X x X implies that any morphism Spec B — X is affine. In particular,
(faithful) flatness of such a morphism is defined by asking that its base change to any
affine scheme is such. More generally, a morphism X — Y in GStk; is (faithfully) flat if
its composition with any faithfully flat Spec A — X is (faithfully) flat. A faithfully flat
morphism of geometric stacks will also be called a flat cover.

Definition 3.2. A geometric stack X is n-truncated if it admits a flat cover Spec A — X
such that A is n-truncated. We say X € GStk; is truncated if it is n-truncated for some n,
and denote by GStk;” C GStky, the full subcategory of truncated geometric stacks.

Alternatively, note that the restriction functor (—)<, : PStk, — PStky <,, takes Stk; to
Stkg <, [Lurl8, Prop. A.3.3.1], and write i<, : Stky <, — Stk for the left adjoint of this
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restriction and 7<,, : Stky — Stk;, for their composition. Then if X is geometric 7<, X is an
n-truncated geometric stack called the n-truncation of X, and X is n-truncated if and only
if the natural map 7<, X — X is an isomorphism [Lurl8, Cor. 9.1.6.8, Prop. 9.1.6.9].

Our terminology follows [Lurl8, Def. 9.1.6.2], but we caution that what we call n-
truncatedness is called n-coconnectedness in [GR17a]. We also note that this use of the
symbol 7<,, and of the term truncation are different from their usual meaning in terms of
truncatedness of mapping spaces, but in practice no ambiguity will arise (and this abuse has

the pleasant feature that 7<,Spec A = Spec 1<, A).

Proposition 3.3. Geometric morphisms are stable under composition and base change
in Stky. If f: X — Y is a morphism in Stky, then f is geometric if X and Y are, and X is
geometric if f andY are. In particular, GStky is closed under fiber products in Stky.

Proof. When k = S is the sphere spectrum this is [Lurl8, Prop. 9.3.1.2, Ex. 9.3.1.10]. In
general it suffices to show GStk;, is the preimage of GStk := GStkg under Stky, = Stk gpecr —
Stk (see Lemma 2.1). Clearly X € Stk; has a flat cover Spec A — X over Speck if and
only if it does over SpecS. Now note that if f :' Y — Z, g : Z — W are morphisms
in Stk and ¢ is affine, f is affine if and only if g o f is (since any Spec B — Y factors
through Y x 7 Spec B — Y'). The morphism X Xgpeck X — X Xgpecs X is affine since it
is a base change of Speck — Spec (k ®g k), hence X — X Xgpecr X is affine if and only if
X — X Xgpecs X is. O

Next recall that any stack X has an associated category QCoh(X) of quasi-coherent sheaves,
defined as the limit of the categories Mod 4 over all maps Spec A — X. If X is geometric this
is equivalent to the corresponding limit over the Cech nerve of any flat cover [Lurl8, Prop.
9.1.3.1]. This assignment extends to a functor Stk;* — Prl taking f : X — Y to the functor
% QCoh(Y) — QCoh(X). In the truncated geometric case we define coherent sheaves as
follows.

Definition 3.4. If X € GStk;, then F € QCoh(X) is coherent if f*(F) is a coherent
A-module for some (equivalently, any) flat cover Spec A — X. We write Coh(X) C QCoh(X)
for the full subcategory of coherent sheaves.

While the above definition makes sense when X is not truncated, without additional
hypotheses the resulting category Coh(X) may be degenerate (for example, it may contain no
nonzero objects). It will be convenient to exclude such degenerate cases from our discussion,
though our treatment of coherent sheaves on ind-geometric stacks will include well-behaved
non-truncated geometric stacks within its scope. We also caution that the above notion of
coherence differs from that of [Lurl8, Def. 6.4.3.1].

3.2. Properties of morphisms. We now recall some key properties of morphisms in the
setting of geometric stacks. Given a morphism f : X — Y in GStk, the pushforward
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f« : QCoh(X) — QCoh(Y) is defined as the right adjoint of f*. For f. to be well-behaved
one needs additional hypotheses on f. A morphism f: X — Y in GStk; is of cohomological
dimension < n if f,(QCoh(X)=) € QCoh(Y)=", and is of finite cohomological dimension if

it is of cohomological dimension < n for some n.

Proposition 3.5. Morphisms of finite cohomological dimension are stable under composition
and base change in GStky. A morphism f: X — Y of geometric stacks is of finite cohomo-
logical dimension if and only if its base change along any given flat cover Spec A =Y is. In
this case f. : QCoh(X) — QCoh(Y') is continuous, and for any Cartesian square

!/

o8 ST
X d Y

in GStky, the Beck-Chevalley transformation h* f.(F) — fih*(F) is an isomorphism for all
F € QCoh(X).

Proof. Stability under composition is immediate, while stability under base change and flat
locality on the target follow from [HLP14, Prop. A.1.9] (whose proof applies to geometric
stacks, not just algebraic stacks with affine diagonal). The remaining properties then follow
from [Lurl8, Prop. 9.1.5.3, Prop. 9.1.5.7] or [HLP14, Prop. A.1.5]. O

A key case is that of proper morphisms. We say f : X — Y is proper if it is representable
and for any Spec A — Y, the fiber product X xy Spec A is proper over Spec A in the sense
of [Lurl8, Def. 5.1.2.1]. In particular, this requires that X xy Spec A be a quasi-compact
separated algebraic space.

Proposition 3.7. Proper morphisms are stable under composition and base change in Stky.
If f and g are morphisms in Stky such that g o f and g are proper, then so is f. Proper
morphisms of geometric stacks are of finite cohomological dimension. If f is a proper, almost

finitely presented morphism of truncated geometric stacks, then f, takes Coh(X) to Coh(Y').

Proof. Stablity under base change is immediate, and the claims about composition follow
from [Lurl8, Prop. 5.1.4.1, Prop. 6.3.2.2]. By Proposition 3.5 finiteness of cohomological
dimension can be checked after base change along a flat cover h : Spec A — Y, where it
follows from [Lurl8, Prop. 2.5.4.4, Prop. 3.2.3.1]. If f is almost of finite presentation and f’
is its base change along h, then f. preserves coherence by [Lurl8, Thm. 5.6.0.2]. Then so
does h* f, by Proposition 3.5, hence so does f, by definition. U

We mostly consider properness together with the following finiteness condition. Recall
following [Lurl8, Def. 17.4.1.1] that a morphism f : X — Y of stacks is (locally) almost
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of finite presentation if, for any n and any filtered colimit A = colim A, in 7<,CAlg,, the

canonical map
(3.8) colim X (A,) = X (A) Xy (a) colimY (A,)

is an isomorphism (we omit the word locally by default, as all morphisms we consider will be
quasi-compact or effectively so).

Proposition 3.9 ([Lurl8, Rem. 17.4.1.3, Rem. 17.4.1.5]). Almost finitely presented mor-
phisms are stable under composition and base change in Stky. If f and g are composable
morphisms in Stk such that go f and g are almost of finite presentation, then so is f.

A morphism f : X — Y in GStky, is of Tor-dimension < n if f*(QCoh(Y)=%) € QCoh(Y)=",
and is of finite Tor-dimension if it is of Tor-dimension < n for some n. We have the following

variant of standard results.

Proposition 3.10. Morphisms of Tor-dimension < n are stable under base change in GStky,
and morphisms of finite Tor-dimension are also stable under composition. A morphism
f: X =Y of geometric stacks is of Tor-dimension < n if and only if its base change along
any giwen flat cover h : Spec A =Y is.

Proof. Stability under composition is immediate. Flat locality on the target follows since if A’/
and f’ are defined by base change, then h'* is conservative, t-exact, and satisfies h™* f* = f*h*.
If h: Spec A — Y is arbitrary, then A’ is affine, hence h! is conservative, t-exact, and satisfies
f*hye =2 B, f"™ [Lurl8, Prop. 9.1.5.7]. Stability under base change along affine morphisms
follows, and arbitrary base change now follows by composing an arbitrary Y/ — Y with a
flat cover Spec B — Y. O

By extension, say a geometric morphism in Stk is of Tor-dimension < n if its base change
to any geometric stack is so, and is of finite Tor-dimension if it is of Tor-dimension < n for
some n.

Next we discuss external products. Given X,Y € GStkg, the external product of F €
QCoh(X) and G € QCoh(Y) is defined by

FRG :=1%(F) @7y (G) € QCoh(X xY).

In this paper we only consider external products under the hypothesis that &k is an ordinary
(Noetherian) ring of finite global dimension, in which case the following result holds.

Proposition 3.11. Suppose k is an ordinary ring of finite global dimension. If X,Y € GStky,
F € QCoh(X)*, and G € QCoh(Y)*, then FX G € QCoh(X x Y)*. In particular, X XY
1s truncated if X and'Y are, and F R G is coherent if F and G are.

Proof. 1t suffices to check the claim for the pullbacks of F, G to flat covers of X and Y, hence
we may assume X and Y are affine. If F € QCoh(X)=™ and G € QCoh(Y)=", then since the
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underlying k-module of F X G is F ®;, G we have FXG € QCoh(X x V)=t where £ is m +n
minus the global dimension of k. The last claims follow by taking F = Ox and G = Oy, and
by recalling that almost perfect sheaves are closed under pullbacks and tensor products. [

3.3. Convergence. Recall that P/SE{k denotes the category of functors 7., CAlg, — §, and
S/t\kk C P/SHQLC the subcategory of functors satisfying fpqc descent. The restriction functor
(—)<oo : PStky — P/St\kk has a fully faithful right adjoint, by which we generally regard
PTSﬁ{k as a subcategory of PStky. One says a prestack is convergent (or nilcomplete) if it is
contained in this subcategory. Explicitly, X € PStk; is convergent if for all A € CAlg, the
natural morphism X (A) — lim X (7<,A) is an isomorphism. We have an induced notion of
convergent stack, which is unambiguous in the following sense.

Lemma 3.12. The inclusion PTSH{]C C PStky, identifies S/t\kk with Stk N @{k

Proof. That Stk;, N PTSEQc C S/t\kk follows from the definition of the fpqc topology and
from [Lurl8, Prop. A.3.3.1] (closure of 7-,CAlg, under pushouts along flat morphisms
is sufficient to apply this to PStkk) Now suppose X € Stk;€ C PStk;€ C PStki. Note
that 7, : Sp=? — 7'<nSp preserves finite products since it preserves colimits and Sp=? is
additive, hence 1<, : CAlg, — 7<,CAlg, preserves finite products by [Lurl7, Cor. 3.2.2.5].
Then if A = [, A4; is a finite product in CAlg,, we have X(A4) = lim, X(7<,A) =
lim,, ; X (7<,4;) = lim; X (A;). Similarly, if A — A° in CAlg, is faithfully flat and A® its
Cech nerve, then X (A) & lim,, X (1<, A) & lim,,; X (1<, A") = lim; X (A"). Thus X € Stk by
[Lurl8, Prop. A.3.3.1]. O

We now have the following result in the geometric case.
Proposition 3.13. Geometric stacks are convergent.

Proof. Suppose X € GStk; and A € CAlg,. It suffices to treat the case where k = S is the
sphere spectrum. In general, Mapg,, (Spec A, X) is the fiber of the map Mapg, (Spec 4, X') —
Mapg, (Spec A, Spec k) induced by composition with X — Spec k over the point correspond-
ing to Spec A — Spec k [Lur09, Lem. 5.5.5.12] (recall Stkj, = Stk gpecr per Lemma 2.1). Since
the same holds for each 7<, A, it follows that X is convergent over Spec k if it is convergent
over Spec S (since Speck is).

Consider the natural diagram

Mapg,, (Spec A, X) Map sy i) (QCoh(X) =0, Mod3’)
(3.14) l |
lim Mapg,, (Spec 7<,, A, X)) — lim MapCAlg(@m)(QCoh(X)go, ModfgonA).
By [Lur, Lem. 5.4.6] the top map is a monomorphism if the corresponding map from

Mapgy (Spec 4, X) to Mapg @) (QCoh(X), Mody) is a monomorphism, which in turn
follows from Tannaka duality [Lurl8, Prop. 9.3.0.3]. Since this also holds replacing A with
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T<pA, and since monomorphisms are stable under limits, it follows similarly that the bottom

map is a monomorphism. The right map is an isomorphism, since we have

Mod3” = lim Mod{"" = lim Mod,™") = limMod=! .

in CAlg(@oo). Here the first and third equivalences follow from the relevant t-structures
being left complete and CAIg(@o@) — Catog preserving limits [Lurl7, Cor. 3.2.2.5], the
second from Modzn’o} — 1\/Iod[7”<1;01]4 being an equivalence for m < —n. It follows that the left
map in (3.14) is a monomorphism, so we must show it is essentially surjective.

Since the horizontal maps are monomorphisms, it suffices to show the right isomorphism
restricts to an essential surjection between their essential images. By Tannaka duality [Lurl8,
Prop. 9.3.0.3] the essential image of the bottom map consists of systems {G,, : QCoh(X)=" —
Mod— A} of symmetric monoidal functors which preserve small colimits and flat objects,
similarly for the top map. Let G : QCoh(X)=* — Mod3’ be the functor associated to some
such system {G,} under the right isomorphism. Then G preserves small colimits since Pr"
closed under limits in Categ [Lur09, Prop. 5.5.3.13|. Moreover, if G,,(F) = 1<, A @4 G(F) is
flat over 7<, A for all n, then since 7<,,G(F) = T<,(T<nA®4 G(F)) by [Lurl?, Prop. 7.1.3.15]
it follows from the definition of flatness that G/(F) is flat over A. Thus G is in the image of
the top map in (3.14), establishing the claim. O

Since 1<, CAlg,, is closed under products and targets of flat morphisms in 7., CAlg,, the
restriction functor (—)<, PStkk — PStky <., takes Stk;C to Stky <p [Lur18 Prop A.3.3.1].
We write /z'\gn Stky,<n — Stkk for the resulting left adjoint and 7, : Stkk — Stkk for their
composition.

The functors (—)<, induce an equivalence S/ﬁ<k = lim Stky, <, in @OO [Lurl8, Ex. A.7.1.6],
hence for any X € S/t\k;c the natural map colim7<, X — X is an isomorphism by Lemma 2.2.
More explicitly, if 72° P/Sﬁ{k — P/SH{k denotes the composition of (—)<, : P/Sﬁ{k —
PStky <, and its left adJ01nt then colim72,°X — X is an isomorphism since 7., CAlg; =
UnT<n CAlg,, and since colimits in P/SﬁqC are computed objectwise. But T<,, is the sheafification
of ?gf, so colim 7<, X — X is an isomorphism since sheafification is continuous. In particular,
if X is a geometric stack Proposition 3.13 implies 7<, X = 7, X, hence we obtain the following

corollary.
Proposition 3.15. For any geometric stack X we have X = colim7<, X n Stkk

Now let 1-Stkj, C Stk denote the full subcategory consisting of X such that X(A) is
an (n 4 1)-truncated space for all A € 7,CAlg,. Then Proposition 3.13 is refined by the
following result, the first half of which is a variant of [GR17a, Cor. 1.2.4.3.4], the second of
[GR14, Lem. 1.3.6].

Proposition 3.16. Geometric stacks are objects of 1—S/t\kk. Moreover, 1—S/t\k;€ 15 closed under
filtered colimits in PStky, and truncated geometric stacks are compact as objects of 1-Stky.
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Proof. Let X be a geometric stack. To show X € 1—S/t\kk, it suffices to show that X<, belongs
to T<p415tkg <n, the category of (n + 1)-truncated objects of Stky <, since for A € 7<,,CAlg,
we have X (A) = Mapgy,, _ ((Spec A)<p, X<n).

Let Spec B — X be a flat cover, so that (Spec B)<,, — X<, is a flat cover in Stky <.
If (Spec B)%,, is its Cech nerve, we have X<, = colim(Spec B)Z, in Stk <,. Equivalently,
X<, is the sheafification of the same colimit taken in PStky <,,. Since sheafification is left
exact it preserves (n + 1)-truncated objects [Lur09, Prop. 5.5.6.16], hence it suffices to
show the colimit taken in PStky <, is (n + 1)-truncated. For any m an object of PStky <,
is m-truncated if its values on 7<,CAlg, are m-truncated spaces [Lur09, Rem. 5.5.8.26].
Each (Spec B)Z,, is affine since X is geometric, hence is then n-truncated in PStky <, since
T<,CAlgy, is an (n + 1)-category. The claim then follows since values of colimits in PStky <,
are computed objectwise, and since the geometric realization of a groupoid of n-truncated
spaces is (n + 1)-truncated.

We now claim X<, is compact in 7<,4+15tky <,,. By the argument of [GR14, Lem. 1.3.3] we
have that 7,115tk <, is closed under filtered colimits in PStky <, (noting that by [Lur09,
Prop. 5.5.6.16] we have 7<,4+15tky <, = Stky <, N 7<p41PStky <, since Stky <, is closed under
limits in PStky <,,). It follows that each (Spec B)Z, is compact in T<y41Stky <, since it is so
in PStky, <,,. Moreover, X<, is their colimit in 7<,, 415tk <,, since it is their colimit in Stky <.
But 7<,,+15tky, <5, is an (n + 2)-category, so by the proof of [Lurl7, Lem. 1.3.3.10] X<, is also
the colimit in 7<, 1Stk <, of the (Spec B)Z, over the finite subdiagam A" ., C A®. It
follows that X<, is compact in 7<,4+1Stky <, [Lur09, Cor. 5.3.4.15].

Next note that [Lurl8, Prop. A.3.3.1] also implies S/t\kk, is the full subcategory of X € @{k
such that X<, € Stky <, for all n. But then 7<, 1Stk <, = Stky <, N 7<, 11 PStky, <,, implies
1—S/t\kk is the full subcategory of X € PTSH% such that X<, € 7<,,4+15tky, <,, for all n. Closure
of 1-s/ﬁ<k under filtered colimits then follows since (—)<, : fTSH{k — PStky <, is continuous
and since as recalled above 7<,, 115tk <, is closed under filtered colimits in PStky <,,.

Now suppose X is an n-truncated geometric stack, let Y = colim Y, be a filtered colimit
in 1—S/t\kk, and consider the following diagram.

COhm Ma‘pl_gtik (X’ Ya) _— CO]'im MapTSnJrl Stkkygn (XSWJ (YOZ)Sn)

|

MapTgnJrlStkk,Sn (X§n7 COhm(Ya)Sn)

Map7§n+1stkk’§n (XSTH an)

Map, s, (X,Y)

The bottom right map is an isomorphism since by the preceding paragraph (—)<, restricts
to a continuous functor 1-Stkj — 7<,115tk; <,. Since X is n-truncated it is the image of
X<, under the left adjoint /z‘\gn : Stkg,<n, — Stky of (—)<,, hence the horizontal maps are
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isomorphisms. The top right map is an isomorphism since X<,, € 7<,+15tky <, is compact,
hence the left map is an isomorphism and X is compact in 1-Stky. 0

3.4. Closed immersions. We conclude this section with some minor results on closed
immersions we will use in treating ind-geometric stacks. Following [GR14, Sec. 1.6] we
say a map f : X — Y in Stk; is a closed immersion if for any Spec A — Y, the map
T<o(X Xy Spec A) — T<oSpec A is a closed immersion of ordinary affine schemes. The

following statement follows immediately from its classical counterpart.

Proposition 3.17. Closed immersions are stable under composition and base change in Stky.
If f and g are composable morphisms in Stky such that go f and g are closed immersions,

then so is f.

A closed immersion need not be affine (for example, the inclusion of a closed subscheme of
a classical ind-scheme is typically not affine in the derived sense), but in GStk;, we have the
following.

Proposition 3.18. Closed immersions between geometric stacks are affine.

Proof. Let f: X — Y be a closed immersion between geometric stacks, and let Spec A — Y
be arbitrary. The base change f': X’ — Spec A of f factors through a map f” : X’ — Spec B,
where B := f[(Ox/) € CAlg,. We claim f” is an isomorphism. By Tannaka duality [Lurl8,
Thm. 9.2.0.2] it suffices to show f! : QCoh(X’) — Modp is an equivalence. By Barr-Beck-
Lurie [Lurl7, Thm. 4.7.4.5] it further suffices to show f, : QCoh(X"’) — Mod, is conservative
and preserves small colimits.

Since f is a closed immersion 7<of” : T7<0X' — T<oSpec B is an isomorphism, hence f
restricts to an equivalence QCoh(X’)¥ = Modj. It follows that the restriction of f. to
QCoh(X")? is conservative, continuous, and factors through Modi. It follows as in [HLP14,
Lem. A.1.6] that f] is t-exact.

Suppose now that f/(F) = 0 for some F € QCoh(X’). It follows from the preceding
paragraph that H"(F) = 0 for all n € Z. Since QCoh(X’) is t-complete we then have
F =20, hence f! is conservative. Similarly, suppose F = colim F, is a filtered colimit in
QCoh(X"), and let ¢ : colim f(F,) — f.(F) denote the natural map. Since the t-structures
on QCoh(X’) and Mod4 are compatible with filtered colimits, it follows from the preceding
paragraph that H"(¢) is an isomorphism for all n € Z. That ¢ is an isomorphism, hence
that f! is continuous, now follows from the t-completeness of Mod,. But then f! preserves
all small colimits since it is exact [Lur09, Prop. 5.5.1.9]. O

Proposition 3.19. Let f : X = Y,, h : Y = Y,, andi : Y, — Yz be morphisms of
geometric stacks. If i is a closed immersion, the map T<o(X Xy, Y') — T<o(X Xy, Y’) is an
isomorphism.
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Proof. Let X[, := X Xy, Y', X := X Xy, Y', and suppose first that X and Y are affine.
Fixing a flat cover Spec Bg — Y3 we obtain flat covers Spec A, — X{,, Spec Ay — X} by
base change. It suffices to show the induced morphism 7<oSpec A;, — 7<oSpec Aj; is an
isomorphism [Lur09, Lem. 6.2.3.16]. If Spec A — X, Spec B’ — Y’ and Spec B, — Y,
are also obtained by base change from Spec Bz — Y}, then 7<oSpec B, — 7<oSpec B is a
closed immersion since ¢ is. But then 7<oSpec 4], — 7<oSpec A} is an isomorphism since
A, = A®p, B'and Ay = A®p, B'.

In the general case, fix flat covers SpecC — X and Spec D’ — Y’, and let SpecC!, :=
SpecC' Xy, Spec D" and SpecC} := SpecC Xy, Spec D'. By the preceding paragraph
T<oSpec Cf, = T<oSpec Cj is an isomorphism. But since it is the base change of 7<(X|, —
T<o X along the flat cover 7<oSpec Cy — 7<0 X}, the claim follows. O

4. IND-GEOMETRIC STACKS

We now define our main objects of study and establish their basic properties. Key
technical results include the consistency of the notions of truncated and reasonable geometric
substack (Proposition 4.5), and the closure of ind-geometric stacks under fiber products
(Proposition 4.18) and ind-closed filtered colimits (Proposition 4.13).

4.1. Definitions. Recall from Proposition 3.13 that GStk, is contained in the full subcategory
S/t\k;.C C Stky of convergent stacks. This subcategory plays a central role in our discussion
because colimits in §c\kk are typically more natural than colimits in Stky. For example, any
Spec A is the colimit of its truncations Spec 7<, A in S/t\kk, but not in Stk unless A is itself
truncated. In particular, the inclusion S/t\kk C Stkg does not preserve colimits in general.

Definition 4.1. An ind-geometric stack is a convergent stack X which admits an expression
X = colim, X, as a filtered colimit in S/t\k;€ of truncated geometric stacks along closed
immersions. We call such an expression an ind-geometric presentation of X. We call it a
reasonable presentation if the structure maps are almost finitely presented, and say X is
reasonable if it admits a reasonable presentation.

We write indGStk;, C S/H{k (resp. indGStk;“** C S/t\kk) for the full subcategory of ind-
geometric (resp. reasonable ind-geometric) stacks. This is the natural extension of the derived
notion of ind-scheme introduced in [GR14] (see Proposition 4.21) and the derived notion of
reasonableness introduced in [Ras19].

Any geometric stack X is ind-geometric since X = colim 7, X in S/t\k;.C by Proposition 3.15.
On the other hand, not every geometric stack is reasonable, a basic example being the
self-intersection of the origin in A*°. However, we have the following result, where we say
a geometric stack is locally coherent if it admits a flat cover Spec A — X such that A is

coherent.

Proposition 4.2. If a geometric stack X 1is locally coherent, then it is reasonable.
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Proof. Let SpecA — X be a flat cover such that A is coherent. Then Spec7<,A —
Spec T<,+1 A is almost of finite presentation for all n [Lurl8, Cor. 5.2.2.2]. It follows that
T<nX — Tp1X is as well [Lurl8, Prop. 4.1.4.3], noting that Spec7<, A is the base change of
Spec A to 7<,X. Thus X is reasonable by Proposition 3.15. 0

Truncatedness plays an essential role in our discussion due to the following variant of [GR14,
Lem. 1.3.6] (though see Remark 4.14). The claim follows immediately from Proposition 3.16,
but would fail if Y were not truncated: in this case Y is not compact in 1—S/t\kk, since e.g.
1dy does not factor through any truncation of Y.

Proposition 4.3. Let X = colim X, be an ind-geometric presentation. Then for any

truncated geometric stack'Y , the natural map
colim Mapg, (Y, Xo) — Mapgy,, (Y, X)
s an isomorphism.

To discuss ind-geometric stacks more intrinsically, without referring to particular ind-

geometric presentations, the following notion is useful.

Definition 4.4. Let X be an ind-geometric stack. A truncated (resp. reasonable) geometric
substack of X is a truncated geometric stack X’ equipped with a closed immersion X’ — X

(resp. an almost finitely presented closed immersion X’ — X).

Proposition 4.5. Let X = colim X, be an ind-geometric (resp. reasonable) presentation.
Then for all «, the structure morphism i, : X, — X realizes X, as a truncated (resp.
reasonable) geometric substack of X. Any other truncated (resp. reasonable) geometric
substack X' — X can be factored as X' Ja, Xa loy X for some «, and in any such
factorization j, is a closed immersion (resp. almost finitely presented closed immersion),
hence affine.

Proof. To show i, is a closed immersion, fix Spec A — X and let Z := X, X x Spec A. Since
T<0Z = T<o(Xa Xx T<oSpec A) we may assume A is classical. By Proposition 4.3 we can
then factor Spec A — X through some X,, which we may assume satisfies o/ > «. For
o > a let Zy = Xy xx_, Spec A. We have Z = colimyr>o Zo» since filtered colimits
in S/t\kk are left exact [Lur09, Ex. 7.3.4.7]. Moreover, 7<¢Z = colimyr>q T<oZor since by
Proposition 3.16 and its the proof all terms are in 1—S/t\kk and Y — 7<Y preserves filtered
colimits in 1—S/t\kk. To show 7<9Z — T<¢Spec A is a closed immersion it then suffices to show
T<0Zo — T<0Zqr 18 an isomorphism for any o’ > o/, since 7<0Zy — T<oSpec A is a closed
immersion by hypothesis. But this follows from Proposition 3.19.

Now suppose the given presentation is reasonable, and let A = colim Az be a filtered
colimit in 7, CAlg, for some n. By Proposition 4.3 we have X (Az) = colim,>, X, (Ap) for
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all 8, and likewise X (A) = colim,>, X, (A). We then have

Xo(A) X x(a) Cogm X (Ap) = cogm (XQ(A) X X, (A) Colﬂim Xv(Aﬁ’))
Y2
since filtered colimits of spaces are left exact [Lur09, Prop. 5.3.3.3]. But the right hand
colimit is isomorphic to colimg X, (Ap) since each individual term is by hypothesis.
Finally, by Proposition 4.3 we can factor X’ — X through a morphism j, : X’ — X, for
some «. Then j is a closed immersion by Proposition 3.17, hence is affine by Proposition

3.18, and is almost of finite presentation in the reasonable case by Proposition 3.9. 0

4.2. Properties of morphisms. Notions such as ind-properness extend from ind-schemes
to ind-geometric stacks in the obvious way.

Definition 4.6. A morphism f : X — Y of ind-geometric stacks is ind-proper (resp. an

ind-closed immersion, of ind-finite cohomological dimension) if for every diagram

X' X
(4.7) f/l lf
Y’ Y

in which X’ — X and Y’ — Y are truncated geometric substacks, the map f’ is proper (resp.
a closed immersion, of finite cohomological dimension).

If f: X — Y is of ind-finite cohomological dimension and there exists an n such that any
morphism f’ as in Definition 4.6 is of cohomological dimension < n, then we say f is of finite
cohomological dimension. For example, an ind-closed immersion is of finite cohomological
dimension (with n = 0), while the projection P> := [ JP™ — Speck is of ind-finite, but not

finite, cohomological dimension.

Proposition 4.8. Let f : X — Y be a morphism of ind-geometric stacks and X = colim,, X,
an ind-geometric presentation. Then f is ind-proper (resp. an ind-closed immersion, of
ind-finite cohomological dimension) if and only if for every X, there exists a diagram

X, X
(4.9) fu |1
Y., Y

in which Y, is a truncated geometric substack of Y and f,, is proper (resp. a closed immersion,

of finite cohomological dimension).

Proof. Fix an ind-geometric presentation Y = colim Y. The only if direction follows since
f o, factors through some Y3 by Proposition 4.3. Now consider the if direction, and fix a
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diagram as in Definition 4.6. By hypothesis and Proposition 4.3 there exists a diagram of the
left-hand form for some «,

X’ f Y X’ F Y’
NN BN
X Y Ys — Y,
/ fa / fa T /
X, Y, X, Ya

where f, is proper and Y, — Y is a truncated geometric substack. We claim this extends to
a diagram of the right-hand form for some Yj.
To see this, note that for any finite diagram p : K — GStk™, the natural map

colim Mapgyy (st ) (P, Y) — MapSpn s s (25 V)

is an isomorphism, where we let Y and Y denote the associated constant diagrams. This
follows since p is compact in Fun(K, 1—S/a<k) by [Lur09, Prop. 5.3.4.13] and Proposition 3.16.
The claim at hand follows by taking p to be the subdiagram on the left spanned by X', Y,
X, and Y,.

In the right-hand diagram, the vertical maps are closed immersions by Proposition 4.5,
hence f’ is proper by Proposition 3.7. The other classes of morphisms are treated the same
way, using Propositions 3.5 and 3.17, and the following observation: if f and g are composable
morphisms in GStky such that go f is of finite cohomological dimension and ¢ is affine (hence
g« conservative and t-exact), then f is of finite cohomological dimension. OJ

Proposition 4.10. Ind-proper morphisms, ind-closed immersions, and morphisms of ind-
finite cohomological dimension are stable under composition in indGStk;,.

Proof. Let X, Y, and Z be ind-geometric stacks, f : X — Y and g : Y — Z ind-proper
morphisms, and X == colim X, an ind-geometric presentation. For any «, Proposition 4.3
implies there exist truncated geometric substacks Y, — Y and Z, — Z such that the
restrictions of f and g factor through proper morphisms f, : X, = Y, and g, : Y, — Z,.
But then g, o f, is proper, hence g o f is ind-proper by the other direction of Proposition 4.8.
The other classes of morphisms are treated the same way. U

Proposition 4.11. Let f : X — Y be a morphism of geometric stacks. Then f is ind-proper
(resp. an ind-closed immersion, of ind-finite cohomological dimension) if and only if it is
proper (resp. a closed immersion, of finite cohomological dimension).

Proof. Recall that X = colim7<, X and X = colim7<,Y are ind-geometric presentations.
Properness of f is equivalent to properness of 7 f [Lurl8, Rem. 5.1.2.2], hence to properness
of each 7<,f, hence to ind-properness (Proposition 4.8). The corresponding claim for
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closedness is immediate, while for finiteness of cohomological dimension it follows from
[HLP14, Lem. A.1.6] and the fact that QCoh(X)" = QCoh(1<,X)". O

Let f: X — Y be a morphism of reasonable ind-geometric stacks. We will often say f is
almost ind-finitely presented if it is almost finitely presented (i.e. in the sense of (3.8)). This
is justified by the following result.

Proposition 4.12. Let f be a morphism of reasonable ind-geometric stacks, and X =
colim, X, a reasonable presentation. The following conditions are equivalent.

(1) The morphism f is almost finitely presented.

(2) For every diagram (4.7) in which X' — X and Y' — Y are reasonable geometric
substacks, the map [’ is almost finitely presented.

(3) For every X, there exists a diagram (4.9) in which Y, is a reasonable geomelric

substack of Y and f. is almost finitely presented.

Proof. That (1) implies (2) follows from Propositions 3.9 and 4.5, and that (2) implies (3) is
immediate. To show (3) implies (1) let A = colim Az be a filtered colimit in 7<,CAlg, for

some n. Then we have
colﬁimX(A/g) = col%mXa(A[g) = colim (XQ(A) Xy (4) Colﬁim Y(Ag)) :

the first isomorphism using Proposition 4.3 and the second Proposition 4.5. But the last
expression is then isomorphic to X (A) Xy 4 colimg Y (Ag) by the left exactness of filtered
colimits of spaces. O

Ind-closed immersions have the following closure property. Here indGStky,  C indGStky,
(resp. indGStk"y ,, C indGStk;“*) denotes the 1-full subcategory which only includes
ind-closed immersions (resp. almost finitely presented ind-closed immersions), similarly for
GStky , C GStky (resp. GStky .. C GStk;). Recall that a subcategory is 1-full if for
n > 1 it includes all n-simplices whose edges belong to the indicated class of morphisms.

Proposition 4.13. The canonical continuous functor Ind(GStk; o) = S/t\kk factors through
an equivalence Ind(GStky ;) = indGStky, o, and likewise Ind(GStk; ; .n) — Stky, factors
through an equivalence Ind(GSth’d?afp) = indGStk,y .- In particular, indGStky (resp.

indGStk;** ) is closed in Stky under filtered colimits along ind-closed immersions (resp.
almost ind-finitely presented ind-closed immersions).

Proof. By definition indGStk;, is the essential image of Ind(GSth a)- Let X = colim X,
Y = colim Y be ind-geometric presentations. By abuse we denote the corresponding objects
of Ind(GStk; ;) by X and Y as well, so that

Maplnd(GStk; o) (X,Y) = “;ﬂ COlﬂim MaPGStk; y (Xa, Ys).
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Now the natural map

ligl colﬁim MapGStk; ) (Xa, Ys) — hén Colﬁim Mapggg,r (Xa,Ys) = Map;gasi, (X, Y)

is a monomorphism since monomorphisms are stable under limits and filtered colimits (note
that the isomorphism on the right follows from Proposition 3.16). It thus suffices to show its
image is exactly the subspace of ind-closed immersions, but this follows from the definitions
and Proposition 4.8. The other case is proved the same way. 0

Remark 4.14. Note that a closed immersion of non-truncated geometric stacks is also
an ind-closed morphism of ind-geometric stacks. It follows from Proposition 4.13 that
indGStky, is the essential image of the (not fully faithful) functor Ind(GStky o) — S/t\kk,
where GStky o C GStky, is the 1-full subcategory which only includes closed immersions. In
other words, we obtain the same class of objects if in Definition 4.1 we do not require the X,

to be truncated.

Recall that a morphism f : X — Y of stacks is geometric if for any morphism Y’ — Y
with Y’ an affine scheme, Y’ xy X is a geometric stack. By Proposition 3.3 this implies more

generally that Y/ xy X is a geometric stack whenever Y’ is.

Definition 4.15. Let f : X — Y be a morphism of reasonable ind-geometric stacks. We say f
has semi-universal coherent pullback if it is geometric and for every truncated geometric stack
Y’ and every ind-tamely presented morphism Y’ — Y, the base change f': Y’ xy X — Y’
has coherent pullback.

Likewise we will say a morphism of arbitrary ind-geometric stacks is of Tor-dimension < n
(resp. of finite Tor-dimension) if it is geometric and its base change to any truncated geometric
stack is of Tor-dimension < n (resp. of finite Tor-dimension) in the sense of Section ??. The
following criterion for semi-universal coherent pullback entails in particular that the above
definition is consistent with Definition 7?7 when Y is a truncated geometric stack.

Proposition 4.16. Let f : X — Y be a geometric morphism of reasonable (resp. arbitrary)
ind-geometric stacks and Y = colim, Y, a reasonable (resp. ind-geometric) presentation
of Y. Then f has semi-universal coherent pullback (resp. is of finite Tor-dimension) if and
only if its base change to every Y, has semi-universal coherent pullback (resp. is of finite

Tor-dimension,).

Proof. Propositions 4.5 and 4.12 imply the only if direction. Let Y’ be a truncated geometric
stack and 7 : Y’ — Y a tamely presented morphism. By Proposition 4.5 and the definitions
we can factor j through some i, : Y, — Y via a tamely presented morphism j, : Y’ — Y,
hence the base change of f to Y’ has coherent pullback since its base change to Y, has
semi-universal coherent pullback. The finite Tor-dimension case is proved the same way. [J
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Proposition 4.17. Morphisms with semi-universal coherent pullback (resp. of finite Tor-
dimension) are stable under composition in indGStk;“*® (resp. indGStky, ).

Proof. Let X, Y, and Z be reasonable ind-geometric stacks, f: X - Y andg:Y — Z
morphisms with semi-universal coherent pullback, and Z = colim Z,, a reasonable presentation.
Define g, : Y, — Z, and f, : X, — Y, by base change. Then each Y, is a truncated geometric
stack since g, has coherent pullback, the maps Y, — Y3 are almost finitely presented closed
immersions by base change, and Y = colimY,, by left exactness of filtered colimits in S/t\k;.C
In particular each f, has semi-universal coherent pullback, hence each g, o f, does by
Proposition 7?7, hence g o f does by Proposition 4.16. The finite Tor-dimension case is proved
the same way. O

4.3. Fiber Products. Now we consider fiber products of ind-geometric stacks, and the base

change properties of the classes of morphisms considered above.
Proposition 4.18. Ind-geometric stacks are closed under finite limits in S/t\kk (and Stky ).

Proof. Note that S/t\kk is closed under limits in Stky, so the two claims are equivalent. Since
indGStk;, contains the terminal object Spec k, it suffices to show closure under fiber products
[Lur09, Prop. 4.4.2.6].

Let f: X — Y and h : Y — Y be morphisms of ind-geometric stacks, and let X' :=
X Xy Y. Suppose first that X and Y’ are truncated geometric stacks, and let Y = colim Y,
be an ind-geometric presentation. By Proposition 4.3 we can factor f and h through Y, for
some a. We have X’ = colimgs, Xj, where Xj := X Xy, Y, by left exactness of filtered
colimits in Stky, [Lur09, Ex. 7.3.4.7]. The transition maps are closed immersions of not
necessarily truncated geometric stacks by Proposition 3.19. It follows they are ind-closed
as morphisms of ind-geometric stacks, hence X' is ind-geometric by Proposition 4.13. Now
suppose X = colim X, and Y’ = colim Y} are ind-geometric presentations. Then as above
X" = colim X, xy Yj expresses X' as a filtered colimit in S/t\kk of ind-geometric stacks along
ind-closed immersions, so again X' is ind-geometric by Proposition 4.13. 0

Already the self-intersection of the origin in A* illustrates that reasonable ind-geometric
stacks are not closed under arbitrary fiber products. Instead we have the following more
limited result.

Proposition 4.19. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y’
h l l h
/

X Y

Suppose that X, Y, and Y’ are reasonable. Suppose also that h has semi-universal coherent
pullback and f is ind-tamely presented (resp. that h is of finite Tor-dimension and f is
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arbitrary). Then X' is reasonable. Moreover, h' has semi-universal coherent pullback and
f' is ind-tamely presented (resp. h' is of finite Tor-dimension), and f' is almost ind-finitely
presented if f is.

Proof. Let X = colim X, be a reasonable presentation. For any «, there is by hypothesis a

reasonable geometric substack Y, — Y and a commutative cube

X! ¢
iy 7
TR
¢I
X L h_, Y,

A e
X Y

in indGStky such that all but the top and bottom faces are Cartesian, and such that ¢ and
¢’ are tamely presented.

Y/

67

X/

By hypothesis 1) has semi-universal coherent pullback, and by Proposition 7?7 so does 1.
In particular X/, is a truncated geometric stack. We have X’ = colim X, in S/t\kk since filtered
colimits are left exact [Lur09, Ex. 7.3.4.7], and this is a reasonable presentation since almost
finitely presented closed immersions are stable under base change. The rest of the claim now
follows from Propositions 4.16 and 4.8. The other claims follow the same way. U

Proposition 4.20. Ind-proper morphisms (resp. ind-closed immersions, morphisms of
ind-finite cohomological dimension) are stable under base change in indGStky.

Proof. Let f: X — Y and h: Y’ — Y be morphisms in indGStk; such that f is ind-proper.

If X = colim X, is an ind-geometric presentation, we have for all & a commutative cube

vy
e
X' l Y’ Y
w/
X, L h_, Y,
. e
X Y

in indGStk,, such that all but the top and bottom faces are Cartesian, Y, — Y is a truncated
geometric substack, and ¢ is proper. Let Y = colimg Yoiﬁ be an ind-geometric presentation.
Then, letting\Xt’xﬁ = X|, Xyz Y 5, we have X = colimg X 5 by left exactness of filtered

colimits in Stky. Note that for all 3 the morphisms X[ ; — X’ and Y ; — Y are closed
immersions since Y;B — Y. and Y, — Y are, and in particular YO’KB is a truncated geometric

substack of Y.
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Now let X" = colim X be an ind-geometric presentation and fix some ~. By Proposition 4.3
we can choose « so that X! — X factors through X,, hence so that X! — X' factors through
X, Proposition 3.16 then implies that X! — X' factors through X/, for some 3. This map
X! — X[ is a closed immersion since X! — X’ and X[ ; — X' are, while X[ ; — Y is
proper since it is a base change of ¢. Thus the composition X/ — X[ ; — Y5 is proper,
hence f’ is ind-proper by Proposition 4.8. The other classes of morphisms are treated the

same way. 0

4.4. Truncated ind-geometric stacks. We say an ind-geometric stack is n-truncated if
it admits an ind-geometric presentation X = colim X, in which each X, is an n-truncated
geometric stack. Recall that (=)<, : S/t\kk — Stky <, identifies the category of n-truncated
geometric stacks with a full subcategory of Stk <,,, the inverse equivalence being given by the
left adjoint ?Sn : Stky <p — S/t\kk Note that (=)<, takes filtered colimits in 1—S/t\kk to filtered
colimits in 7<,415Stky <p, since it restricts from a continuous functor P/SH{;C — PStky <;,, and
since as in Proposition 3.16 and its proof l—S/t\kk C P/Sﬁik and T<, 115tk <, C PStky <, are
closed under filtered colimits. Since i<, is continuous it follows that (=)<, identifies the
category of n-truncated ind-geometric stacks with the obvious subcategory of Stk <,,. Again
letting 7<,, : S/t\kk — S/t\kk denote the composition of (—)<, and ggn, the following result states
in particular that Definition 4.1 is indeed the obvious extension of [GR14, Def. 1.4.2] from
schemes to geometric stacks (it is stated differently so that reasonableness may be introduced

more easily).

Proposition 4.21. A convergent stack X is ind-geometric if and only if T7<, X is an n-
truncated ind-geometric stack for all n.

Proof. The only if direction follows since 7<,, preserves closed immersions of geometric stacks,
and since by the above discussion its restriction to 1-Stky is continuous. The if direction
follows from Proposition 4.13, since each 7<, X — 7<,+1X is classically an isomorphism,

hence is an ind-closed immersion. O

Example 4.22. A typical example of a classical (i.e. zero-truncated) ind-geometric stack
is the following. Suppose X = colim X, is a presentation of a classical ind-scheme as a
filtered colimit of quasi-compact, semi-separated ordinary schemes (regarded as objects of
S/t\kk) along closed immersions, and that G is a classical affine group scheme acting on X. For
each o the induced map X, x G — X factors through some Xg. The closure X| C Xz of its
image is a G-invariant closed subscheme of X. We obtain a presentation X = colim X/, by
closed G-invariant subschemes, and it follows that the quotient X/G (in S/t\kk) is a classical
ind-geometric stack with ind-geometric presentation X/G = colim X! /G. Note that the
quotients X! /G taken in Stky are again geometric [Lurl8, Prop. 9.3.1.3], hence convergent
(Proposition 3.13), hence they coincide with the quotients X /G taken in Stky.
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5. COHERENT SHEAVES

In this section we consider coherent sheaves on reasonable ind-geometric stacks. We
construct the functors of almost ind-finitely presented, ind-proper pushforward and finite

Tor-dimension pullback, and show that these are compatible with base change.

5.1. Coherent sheaves and pushforward. We now define the category Coh(X') of coherent
sheaves on a reasonable ind-geometric stack X. Explicitly, if X = colim X, is a reasonable

[

presentation we will have Coh(X) = colim Coh(X,), where the colimit is taken in Caty
along the pushforward functors. Such expressions will follow from a more canonical definition
of Coh(X), which will also make manifest its functoriality under proper pushforward.

Let GStk; prop C GStk}" denote the 1-full subcategory which only includes proper, almost

finitely presented morphisms, similarly for indGStk;*;,,, C indGStk;***. Note that GStk;. .,
k. prop

(5.1) Coh : GStk; — Catoo

k, prop

is a full subcategory of indGStk by Proposition 4.11. We have a canonical functor

which takes X to Coh(X) and f: X — Y to f, : Coh(X) — Coh(Y'). This is obtained by
restriction from the corresponding functor QCoh : GStk, — Cat., given that proper, almost
finitely presented pushforward preserves coherence (Proposition 3.7).

Definition 5.2. We write
(5.3) Coh : indGStk;“?” = — Cato,

k, prop

for the left Kan extension of (5.1) along the inclusion GStk; .., C indGStk;*s’ . We
write f, : Coh(X) — Coh(Y') for the functor assigned to an ind-proper, almost ind-finitely

presented morphism f: X — Y.

Existence of the indicated left Kan extension follows from [Lur09, Lem. 4.3.2.13]. The
following result implies that Coh(X) can be expressed in terms of reasonable presentations
as stated earlier.

Proposition 5.4. The functor Coh : indGStk; " — Cat, preserves filtered colimits along

almost ind-finitely presented ind-closed immersions.
Proof. For the proof we distinguish (5.1) and (5.3) by writing them as Cohgeom and Cohypg,

respectively. The proof of Proposition 4.13 adapts to show that the canonical continuous

functor Ind(GStk;, ,.,,) — Sty is faithful and that indGStk; ), is the intersection of its

image with indGStk;”**. In particular, the inclusion indGStk; 5’ = C Stk factors through
a fully faithful functor indGStk;;, = — Ind(GStk ). By the transitivity of left Kan

extensions [Lur09, Prop. 4.3.2.8], Coh;,4 is the restriction to indGSt k.prop Of Cohrpg, the
left Kan extension of Cohgee, to Ind(GStk,: orop)-
Recall from Proposition 4.13 that indGStk; %/ .., admits filtered colimits and its inclusion

into S/t\kk continuous. By the previous paragraph this inclusion factors through a faithful



IND-GEOMETRIC STACKS 23

functor indGStk,s; ., — Ind(GStk} ), which is then also continuous. But Cohppng is

continuous [Lur09, Lem. 5.3.5.8], hence so is its restriction to indGStk; ) - O

Suppose f : X — Y is an ind-proper, almost ind-finitely presented morphism and X =
colim X, a reasonable presentation. Proposition 5.4 implies in particular that any F € Coh(X)
can be written as F = iy (F,) for some a and some F, € Coh(X,). The behavior of
ind-proper pushforward on objects is thus determined from the geometric setting by the
following compatibility: we can factor f o i, through a proper, almost finitely presented

morphism f, : X, — Y, to a reasonable geometric substack j, : Y, — Y, and we then have

5.2. Pullback and base change. Next we consider the pullback of coherent sheaves along
suitable morphisms of reasonable ind-geometric stacks. For explicitness we first define this
directly in terms of presentations, and then give a more global description that will make its
compatibilities more manifest.

Let f: X — Y be a morphism with semi-universal coherent pullback, which we emphasize
includes any morphism of finite Tor-dimension. Let Y = colim Y, a reasonable presentation,
fa @ Xo — Y, the base change of f, and i, : X4 = X3, jap : Yo — Y3 the induced
maps. By proper base change we have isomorphisms f3jag« = tap«f, of functors Coh(Y,) —
Coh(Xp3). The identity Coh(Y") = colim Coh(Y,) implies there is an essentially unique functor
f* : Coh(Y) — Coh(X) equipped with coherent isomorphisms f*ja,. = iq.f7 of functors
Coh(Y,) — Coh(X) for all a. More formally, we can construct this functor as follows.

Write A for the index category of the presentation Y = colimY,, so that Y and the Y,
together define a diagram A” — indGStk;“**. Taking Cartesian products with X we obtain
a diagram A” x Al — indGStk;* and by restriction a diagram A x Al — GStk;. We
then obtain a diagram A x A' — Cat,, taking f, to f* : Coh(Y,) — Coh(X,) and i,s to
iaps @ Coh(X,) — Coh(Xp). More precisely, this is constructed from the more primitive
functor A x A! — (/ja\too that takes each map to the associated pullback of quasi-coherent
sheaves, passing to adjoints along morphisms in A via [Lurl7, Cor. 4.7.5.18] and then
passing to coherent subcategories. This is equivalent to the data of the associated functor
A = Catd = Fun(Al,(/ja?coo) taking a to f* : Coh(Y,) — Coh(X,). By [Lur09, Cor.
5.1.2.3] and Proposition 5.4 the colimit of this diagram is a functor f*: Coh(Y) — Coh(X)
with the desired compatibilities.

To make this manifestly canonical, observe that (GStkkf d.afp)/Y > the category of reasonable
geometric substacks of Y, provides a canonical reasonable presentation Y =2 Colim(GStk; o, afp) /Y-

Definition 5.5. Let f : X — Y be a morphism with semi-universal pullback between
reasonable ind-geometric stacks. Then we define f* : Coh(Y) — Coh(X) by applying the
above construction to the canonical reasonable presentation Y = colim(GStk,t d.afp)/y- That
is, f* is the unique functor which admits a coherent family of isomorphisms f*i, = i f™* for
any reasonable geometric substack i : Y/ — Y.
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That this agrees with the above construction applied to an arbitrary reasonable presentation
follows since the diagram A — GStk; associated to any other presentation factors through

(GStk;ci_, cl, afp)/Y'

Proposition 5.6. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y
W l ; l h
X Y

Suppose that X, Y, and Y' are reasonable, that h has semi-universal coherent pullback, and
that f is ind-proper and almost ind-finitely presented. Then X' is reasonable, h' and f’ have

the same properties as h and f, and there is a canonical isomorphism h* f, = fLh"™ of functors
Coh(X) — Coh(Y").

Proof. The conclusions about X', A/, and f’ are Propositions 4.19 and 4.20. It follows from
the proof of Proposition 5.4 and a straightforward variant of [Lur09, 5.3.5.15] that we can
write f € (indGrSthf;';f,op)Al as the colimit of a filtered diagram {f, : X, — Y.} whose
restrictions to the vertices of A! define reasonable presentations X = colim X,, Y = colimY,,.
Writing A for the index category of this diagram, we repeat the above construction to obtain

a functor A x Al x Al... O

Note that if f : X — Y and g : Y — Z are morphisms with semi-universal coherent
pullback, we obtain a canonical isomorphism (g o f)* = f*¢g* by repeating the construction of
each individual functor with A? in place of Al. Similarly, one shows in this way that the base
change isomorphisms of Proposition 5.6 are compatible with composition. We can encode
such compatibilities more systematically using the formalism of correspondences.

Recall that given a category € with Cartesian products, we have a category Corr(C) with
the same objects as €, and in which a morphism from X to Z is a diagram X Lyt g
[GR17a, Sec. 7.1.2.5]. Composition of correspondences is given by taking Cartesian products
in the standard way. We note that we will never refer to (0o, 2)-categories of correspondences
in this text.

Let Corr(indGStk;“®),op.con denote the 1-full subcategory of Corr(indGStky) which only
includes correspondences X Ly I 7 such that X , Y, and Z are reasonable, h has
semi-universal coherent pullback, and f is ind-proper and almost of ind-finite presentation
(these are stable under composition of correspondences by Propositions 4.10, 4.17, 4.20,
and 4.19). We define Corr(GStk; ) rop.con similarly, noting that it is a full subcategory of
Corr(indGStky,) prop:con by Proposition 4.11.

Note now that the functor Coh : GStk; . — Cate of (5.1) extends to a functor

(5.7) Coh : Corr(GStK; ) propeon — Catoo.
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To construct it, consider the 1-full subcategory Corr(GStky) fegan C Corr(GStky) in which
we only include correspondences X L v B 7 such that f is of finite cohomological
dimension. By Proposition 3.5 and [GR17a, Thm. 3.2.2] there exists a canonical functor
QCoh : Corr(GStky) fed:an — @oo which takes a correspondence X Ly 2 Zto the functor
foh* : QCoh(Z) — QCoh(X). We obtain the desired functor (5.7) by restricting along the
inclusion Corr(GStk})propcon C Corr(GStky) fea.anr, and observing that the associated functors

f«h* preserve coherence.

Proposition 5.8. Consider the left Kan extension
(5.9) Coh : Corr(indGStk;“*) popcon — Catoo

of (5.7) along the inclusion Corr(GStk™) ropcon € Corr(indGStk, ) propcon- The restriction
of this extension to indGStk; 77 is the functor of Definition 5.2, and its value on a morphism

h: X — Y with semi-universal coherent pullback is the functor h* : Coh(Y) — Coh(X) of
Definition 5.5.

Proof. The first claim follows from [GR17a, Thm. 6.1.5] (in its opposite form for left Kan
extensions). Now let Y 2 colim Y, be a reasonable presentation with index set A, so that as
before we have a diagram A x Al — Cat,, taking {a} x Al to h}, where h, : X, — Y, is
the base change of h. It follows from the first claim, from Proposition 7?7, and from the fact
that X = colim X, is also a reasonable presentation that the restriction of (5.9) along the
induced functor A> x A' — Corr(indGStk,***) prop:con 18 a left Kan extension of its restriction
to A x Al. The second claim follows since this is the definition of h*. O

5.3. External products. When £ is an ordinary ring of finite global dimension, the closure
of GStk; under products implies the same for indGStk}*** (again using left exactness of
filtered colimits in Stky). Proposition ?? then extends as follows.

Proposition 5.10. If k is an ordinary ring of finite global dimension, then the functor
Coh : Corr(indGStk,“*) pop:con — Catoo
of Definition 5.2 is canonically laz symmetric monoidal.

Proof. Applying [Lurl7, Prop. 3.1.1.20, Thm. 3.1.2.3] we may consider the lax symmetric
monoidal functor Corr(indGStk),rop;con — 63?000 defined by operadic left Kan extension
(more precisely, in the notation of [Lurl7, Rem. 3.1.3.15] we take A = Corr(GStk™ ), op:con,
B = Corr(indGStk) prop:con, C = @oo, and O® = Fin,). That its underlying functor is
obtained by (non-operadic) left Kan extension follows from comparing the diagrams in [Lurl?7,
Def. 3.1.1.2] and [Lur09, Def. 4.3.2.2] after pulling back along D' = {(1)} — O% = Fin,
(trivial Kan fibrations being stable under pullback). In particular, this extension a posteriori
takes values in Caty. O
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6. IND-COHERENT SHEAVES

We now expand our attention from coherent to ind-coherent sheaves. Even if one is
interested primarily in coherent sheaves (as in our motivating application), ind-coherent
sheaves are necessary in order to discuss adjoint functorialities such as sheaf Hom and
ind-proper !-pullback.

If X is a geometric stack we define IndCoh(X) as the left anticompletion of QCoh(X), fol-
lowing a construction of [Lurl8, App. C]. This characterizes IndCoh(X) in terms of a universal
property satisfied by bounded colimit-preserving functors out of it (see (6.4)). The definition
is then extended to the ind-geometric setting so that IndCoh(X) = colim IndCoh(X,) in
Prl for any ind-geometric presentation X = colim X,, (Proposition 6.11), following the case
of ind-schemes [GR14, Sec. 2.4], [Ras19, Sec. 6.10]. In particular Coh(X) is naturally a
subcategory of IndCoh(X)(Proposition 6.26), though unless X is geometric Coh(X) is not
generally a subcategory of QCoh(X) in any natural way.

In most cases of interest one can be more explicit. If X is a classical geometric stack then
IndCoh(X) is (the dg nerve of) the category of injective complexes in QCoh(X)?, introduced
in [Kra05]. If X is coherent (for example, if it is a Noetherian scheme as in [Gail3]) then
IndCoh(X) is the ind-completion of Coh(X). This is the primary case of interest (as our
terminology abusively reflects) and is considered in detail in Section 7. As the focal results of
Sections 7?7 and 8 are about this case, the reader concerned only with these may safely define
IndCoh(X) via ind-completion and bypass the current section. But it is often convenient
to have IndCoh(X) defined in greater generality, since for example the class of coherent
ind-geometric stacks (or even of coherent affine schemes) is not closed under fiber products.

6.1. Anticompletion. We begin by recalling the notion of anticompleteness from [Lurl8,
App. C] in slightly adapted form. A t-structure on a stable co-category C is left complete
if the natural functor € — lim,, =" is an equivalence, and right complete if € — lim,, C="
is an equivalence. The category €= lim,, €=" is called the left completion of €. It has a
canonical t-structure such that € — C is t-exact and restricts to an equivalence €0 =3 G0
[Lurl?7, Prop. 1.2.1.17]. If D is another stable co-category with a t-structure, an exact functor
F : € — D is bounded if there exist m,n such that F(€=%) Cc D=™ and F(€=%) Cc D=". If
@ and D are presentable, we write LFun’(€, D) C LFun(€, D) for the full subcategory of
bounded colimit-preserving functors. In the presentable case, a t-structure on € is accessible if
C=2% is also presentable, and is compatible with filtered colimits if €= is closed under filtered

colimits in C.

Definition 6.1. Let € be a presentable stable oco-category equipped with an accessible
t-structure which is right complete and compatible with filtered colimits. We say C is left
anticomplete if composition with D — D induces an equivalence

LFun®(C, D) = LFunb(G,@)
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for any other presentable stable oo-category D equipped with an accessible t-structure which
is right complete and compatible with filtered colimits.

Now let Pr denote the oo-category whose objects are presentable stable co-categories
equipped w1th acce381ble t-structures which are right complete and compatible with filtered
colimits, and whose morphisms are bounded colimit-preserving functors. Explicitly, given
€ € P15 we consider the set of cores €= (subcategories closed under small colimits and
extensions), partially ordered by €= < €5 if €5% ¢ €5°[n] for some n. These posets are
contravariantly functorial under taking preimages along exact functors, and Prrssptf is a full
subcategory of the associated Cartesian fibration over Pr5t.

We further let Prgzg} and Prfs)’lb denote the full subcategories of Prfctl’)]f defined by only
including t-structures which are respectively left anticomplete and left complete. We then
have the following variant of [Lurl8, Cor. C.3.6.4, Cor. C.5.5.11, Prop. C.5.9.2].

St,b
ol Pr

St,b
rcpl a

St,b

Proposition 6.2. The inclusion Pr repl 0dmits a left adjoint, which acts on objects
St,b

by C +— C. The inclusion Prt

acpl dmits a right adjoint, which we denote by C — C.

St,b
acpl”

— Pr
These restrictions of these adjoints define inverse equivalences between Prfﬁ’lb and Pr

Proof. Given €,D € Pri** write LFun>=<"(C, @) C LFun®(@, D) for the full subcategory

repl ?
of functors which take €<0 to D=". Since € — C is t-exact, composition with it induces
a functor LFunb’S"(@, D) — LFun”<"(€, D). The existence of the desired adjoint follows if
this is an equivalence for all n and for all D € Prit)’lb [Lur09, Prop. 5.2.4.2]. By shifting we
can reduce to n = 0. That composition with € — € induces an equivalence between right
t-exact functors follows from [Lurl8, Prop. C.3.1.1., Prop. C.3.6.3] (noting that D = Sp(D=Y)
[Lurlg, Rem C.3.1.5]). But this further identifies right t-exact functors which are bounded
since @20 & G20,

Now let C := Sp(C=0) ¢ Prfﬁg}f, where C=* is the anticompletion of €= in the sense of
[Lurl8, Prop. C.5.5.9]. We claim C is left anticomplete in the sense of Definition 6.1. It
suffices to show that for any D € Prit?  the functor LFun® <”((§ D) — LFun” < (g, D) given

repl
by composition with D — D is an equivalence for all n. By shifting we can reduce to the
case n = 0, which follows from [Lurl8, Prop. C.3.1.1, Def. C.5.5.4].

The left-exact functor €<° — <0 of [Lurl8, Prop. C.5.5.9] induces a t-exact functor
c-e [Lurl8, Prop. C.3.1.1, Prop. C.3.2.1]. The existence of the desired adjoint follows if
the induced functor LFun®(D, é) — LFun®(D, @) is an equivalence for all D € Prizpbl [Lur09
Prop. 5.2.4.2]. But this follows from Definition 6.1, given that the left completions of € and
C are equivalent [Lurl8, Prop. C.5.5.9].

Finally, it follows by adjunction and Definition 6.1 that € € has fully faithful restriction
to Priﬁi}i, likewise for € — € and Pr(S:;’lb.
follows since € € Prizlb implies € is the left completion of e [Lurl8, Prop. C.5.5.9]. O

That these restrictions are inverse equivalences now
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6.2. Ind-coherent sheaves. Recall that if X is a geometric stack, the standard t-structure
on QCoh(X) is accessible, left and right complete, and compatible with filtered colimits
[Lurl8, Cor. 9.1.3.2].

Definition 6.3. The category of ind-coherent sheaves on a geometric stack X is

——

IndCoh(X) := QCoh(X),
the left anticompletion of its category of quasicoherent sheaves.

Conversely, QCoh(X) is the left completion of IndCoh(X), and in particular the natural
functor IndCoh(X) — QCoh(X) induces an equivalence

IndCoh(X )" = QCoh(X)™.

Unwinding the definitions, we see that IndCoh(X) is uniquely characterized by the following

universal property: for all € € Prfctgf we have

(6.4) LFun®(IndCoh(X), €) 2 LFun®(QCoh(X), €).

By Proposition 6.2 ind-coherent sheaves inherit all bounded, colimit-preserving functo-
rialities of quasicoherent sheaves. Explicitly, recall from the proof of Proposition ?? the
functor QCoh : Corr(GStk) eg.an — P15, which takes a correspondence X <i Y % Z such
that f is of finite cohomological dimension to the functor f.h* : QCoh(X) — QCoh(Z).
By construction its restriction to Corr(GStky) fed; fta, the subcategory which only includes
correspondences in which A is of finite Tor-dimension, lifts to a functor

(6.5) QCoh : Corr(GStky) sed: jra — Prov’.

cpl

Definition 6.6. We define a functor

(6.7) IndCoh : Corr(GStky) fed; fta — Prizi)bl.
by composing (6.5) with the equivalence Prff)’lb = Priziﬁ of Proposition 6.2.

If f: X — Y is a morphism of finite cohomological dimension in GStk;, we denote the
associated functor IndCoh(X) — IndCoh(Y') simply by f. when the context is clear. If we
need to distinguish it from the associated functor QCoh(X) — QCoh(Y) we denote them
respectively by frc. and foc.. The two are related by a commutative diagram

IndCoh(X) — QCoh(X)
flC* l lfQC*
IndCoh(Y) — QCoh(Y),

where the horizontal functors are the canonical ones. A similar discussion applies to the
x-pullback functor associated to a morphism of finite Tor-dimension.
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To extend the definitions to ind-geometric stacks, first consider the functor
(6.8) IndCoh : Corr(GStk)) feq. jta — Pr"

obtained by restricting (6.7) to correspondences of truncated geometric stacks and composing

with the forgetful functor Priziﬁ — Prt. Now let Corr(indGStky,) fed: fta denote the subcategory
of Corr(indGStky) which only includes correspondences X L v 7 such that f is of ind-
finite cohomological dimension and h is geometric and of finite Tor-dimension (these are stable
under composition of correspondences by Propositions 4.10 and 4.20). By Proposition 4.11

Corr(GStk; ) fed. f1a is a full subcategory of Corr(indGStky,) fed. fra-
Definition 6.9. We define a functor
(6.10) IndCoh : Corr(indGStky) feq. fra — Pr"

by left Kan extending (6.8) along Corr(GStk;) fed pra € Corr(indGStky) ed. fra-

If f: X — Y is a morphism of ind-geometric stacks which is of ind-finite cohomological
dimension (resp. geometric and of finite Tor dimension), we write f, : IndCoh(X) —
IndCoh(Y) (resp. f*:IndCoh(Y) — IndCoh(X)) for the functor defined by Definition 6.9.
We have the following variant of Proposition 5.4, which is proved the same way. Here we write
indGStky, ¢ C indGStky, for the subcategory which only includes morphisms of ind-finite
cohomological dimension, indentifying it with a subcategory Corr(indGStky,) e4; r1a as before.

Proposition 6.11. The restriction of IndCoh to indGStky, s.q preserves filtered colimits

along ind-closed immersions.

In particular, if X = colim X, is an ind-geometric presentation, then the functors i, :
IndCoh(X,) — IndCoh(X) induce an isomorphism

(6.12) IndCoh(X) = colim IndCoh(X,)

in Prr.

6.3. !-pullback and t-structures. If a morphism f : X — Y ind-geometric stacks is
ind-proper (hence of ind-finite cohomological dimension by Proposition 3.5), we write f' :

IndCoh(Y) — IndCoh(X) for the right adjoint of f.. For ind-geometric X we define a
standard t-structure on IndCoh(X) in terms of these adjoints, following [GR17b, Sec. 1.3.1.2].

Proposition 6.13. If X is an ind-geometric stack, IndCoh(X) has a t-structure defined by

TndCoh(X)20 :— {.7: € IndCoh(X) such that i*(F) € IndCoh(X")=° for any}

truncated geometric substack i : X' — X

This t-structure is accessible, compatible with filtered colimits, right complete, and left an-
ticomplete. If X = colim, X, is an ind-geometric presentation, the functors i, are t-exact
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and induce equivalences

(6.14)  IndCoh(X)=0 = colim IndCoh(X,)=?, IndCoh(X)=° = colim IndCoh(X,)="
in Prt.

Lemma 6.15. Let Priflfl'ex C Prfﬁl’)ﬁ) denote the subcategory which only includes t-exact
functors. Then Prfﬁl’)ﬁ'ex admits filtered colimits, and these are preserved by the functors to
Prl given by C— C, €= C=0 and C+— C2°. Moreover, the subcategory Prgzgl‘ex C Prfctlfl'ex

which only includes left anticomplete t-structures is closed under filtered colimits.

Proof. Let Groth'®™* denote the category of Grothendieck prestable co-categories and left-exact
functors. By [Lurl8, Rem. C.3.1.5, Prop. C.3.2.1] € — Sp(C€) and €+ C=Y induce inverse
equivalences of Groth'™ and Prfg{ex. The claims about € — € and € — €= now follow since
Croth!®™ is closed under filtered colimits in Pr" [Lurl8, Prop. C.3.3.5], and since €+ Sp(C)
preserves small colimits in Pr¥ [Lurl7, Ex. 4.8.1.22].

Let € = colim G, be a filtered colimit in Prrs(fr’f{ex. Since the structure functors F,z5: C, —
Cs, Fy, : €4 — € are t-exact their right adjoints are left t-exact. Then since € = lim €, in
PrR and since the inclusions C2° C €, are morphisms in Pr®, they identify the limit of
the C2% in Pr® as the full subcategory of X € € such that FF(X) € €2° for all a. This
is equivalent to Mape(F,(Ys), X) =2 0 for all o and all Y, € C5°. But this is equivalent to
Mape(Y, X) = 0 for all Y € €<% since by Lemma 2.2 and the previous paragraph C<° is
generated under small colimits by objects of the form F,(Y,) with Y, € €0, Tt follows that

€29 = colim €20 in Prl. Finally, it follows from [Lurl8, Cor. C.5.5.10] and the discussion
St,t-ex
’ U

above that Pro%"® is closed under all colimits that exist in Pl

acpl
Proof of Proposition 6.13. Let indGStky, 4 C indGStk, denote the subcategory which only in-
cludes ind-closed immersions, similarly for GStk; 4 C GStk; . By construction the restriction
of (6.7) to GStk;. , factors through Prizgl'ex, and we write IndCoh’ : indGStk;, 4 — Prizgl'ex
for its left Kan extension. Adapting again the proof of Proposition 5.4, we find that
IndCoh’(X) = colim IndCoh*(X,) in Prizgex. But by Proposition 6.11 IndCoh(X) is the
underlying category of IndCoh’(X). The claims now follow from Lemma 6.15 and Proposi-
tion 4.5 (the Lemma ensures each i, is left t-exact, the Proposition ensures i' is left t-exact

foralli: X' — X). O

Remark 6.16. Since IndCoh(X) is left anticomplete, it can be recovered functorially from
IndCoh(X)™. By contrast, let QCoh’(X) denote the colimit of the categories QCoh(X,) in
Prrs(fl’fl'ex. Left completeness is stable under limits rather than colimits in Prrsctl’)tl'ex, so QColh’(X)
will in general be neither left complete nor left anticomplete. In particular, QCoh’(X) is wild

in so far as it cannot be recovered functorially from its bounded below objects.

Remark 6.17. Let X be a classical ind-geometric stack and X = colim, X, an ind-
geometric presentation by classical geometric stacks. By construction we have IndCoh (X, )" =
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QCoh(X,)? for all a, and by Proposition 6.13 we have IndCoh(X )" 2 colim, IndCoh(X,,)"
in Pr. Tt follows from [Lurl8, Cor. 10.4.6.8, Prop. C.5.5.20, Thm. C.5.8.8] that IndCoh(X)
is the dg nerve of the category of injective complexes in IndCoh(X)Y, a construction first
considered in [Kra05].

Using t-structures we can address the potential ambiguity in the definition of IndCoh(X)
when X is a non-truncated geometric stack.

Proposition 6.18. Given a non-truncated geometric stack X, the categories IndCoh(X)
defined by Definitions 6.3 and 6.9 are canonically equivalent, and this equivalence identifies
the t-structure of the former with that of Proposition 6.135.

Proof. Temporarily denote the two categories by IndCohgep,(X) and IndCoh;,q(X). For
each n the morphism i, : 7<,X — X is affine, hence yields a t-exact functor i,. :
IndCoh(7<,X) — IndCohgyeen(X). By Propositions 6.11 and 6.13 it suffices to show the
induced t-exact functor

(6.19) IndCohy;yq(X) = colim IndCoh(7<, X)) — IndCohgeom (X)

is an equivalence. Now for all a < b (6.19) restricts to an equivalence IndCoh,(X )l =
IndCohgeom(X)[a’b], since for all n > b — a we have

IndCoh(7<, X)** = QCoh(r<,X)*! 2 QCoh(X)!*¥ = IndCoh(X)!2!

geom*

By right completeness of the two t-structures it follows that (6.19) restricts to an equivalence
IndCohiq(X)=* = IndCohyeom (X)=* for any a. But then (6.19) induces an equivalence of
left completions, hence by Proposition 6.2 is itself an equivalence since its source and target

are left anticomplete. 0

If f: X — Y is ind-proper, the functor f'is not obviously continuous in general, but its
failure to be so can be controlled by t-structures.

Definition 6.20. Let F' : € — D be a functor between presentable stable oco-categories
equipped with t-structures that are compatible with filtered colimits. Then F' is almost

continuous if its restriction to 2" is continuous for all n.

Proposition 6.21. Let f : X — Y be an ind-proper morphism of semi-reasonable ind-
geometric stacks. Suppose either that f is geometric and almost of finite presentation, or
that X is reasonable and f is of finite cohomological dimension and almost of ind-finite

. [ .
presentation. Then f° is almost continuous.

The claim results from the following variant of [Lurl8, Prop. 6.4.1.4], which we generalize
further in Section ??. Here the Beck-Chevalley transformation A’* f' — f"h* is the result of
passing to adjoints from the natural isomorphism f/h™* = h*f,.
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Lemma 6.22. Let the following be a Cartesian diagram of geometric stacks.

!/

- X/ L» Spec A
' h/l lh
f

X Y

Suppose h is a flat cover and that f is proper and almost of finite presentation. Then for any
F € IndCoh(Y)* the Beck-Chevalley map h'* f*(F) — f*h*(F) is an isomorphism.

Proof. Write Spec A® for the Cech nerve of h. Let hy, : Spec A¥ — Y denote the natural map,
hj, : Xy — X its base change along f, and f; : Xy — Spec A* the base change of f along
hi (so hg = h, hy = k', and fo = f’). Finally, let h, : Spec A7 — Spec A’ denote the map
associated to a morphism p :i — j in Ay, and hy, : X; — X its base change along f;.
Choose m so that f,. takes IndCoh(X)=? to IndCoh(Y)<™. The same holds for each
fj« since hj, is t-exact and its restriction to IndCoh(X )t is conservative, hence fj' takes
IndCoh(Spec A7)=° to IndCoh(X;)=~™. Choosing n so that F € IndCoh(Y)=", the Beck-
Chevalley map h*f; — fihs in Fun(IndCoh(Spec A*)=", IndCoh(X;)=""™) is an isomor-
phism for any p, since h, is a map of affine schemes [Lurl8, Prop. 6.4.1.4]. Since h is
faithfully flat, we have IndCoh(Y)=" = lima, IndCoh(Spec A*)=" and IndCoh(X)=""" =
lima, IndCoh(X;)=""™. The claim now follows from [Lurl7, Cor. 4.7.5.18]. O

Proof of Proposition 6.21. First suppose X and Y are geometric and f is almost of finite
presentation, and fix a Cartesian square of the form (6.23). Since f' is left bounded, and since
h'* is conservative on IndCoh(X)* in addition to being continuous, it suffices to show A’ f'
is almost continuous. It then suffices to show f"h* is almost continuous, since by Lemma
6.22 their restrictions to IndCoh(Y)* are the same. But this follows since h* is continuous
and left t-exact, and since f” is almost continuous by [Lurl8, Lem. 6.4.1.5].

Now let Y = colimY,, be a semi-reasonable presenation. By the proof of [Lur09, Prop.
5.5.3.13] categories admitting filtered colimits and continuous functors among them form a
subcategory of (/]a\too which is closed under limits. By the previous paragraph z'!aﬁ restricts to
a continuous functor IndCoh(Y3)=" — IndCoh(Y,)=" for all 8 > a and any n. But the proof
of Proposition 6.11 extends to show IndCoh(Y)=" 2 lim IndCoh(Y,)=", hence i\, is almost
continuous for any «.

If f is geometric and almost of finite presentation, then letting X, := X xy Y, we have
a semi-reasonable presentation X =2 colim X, by left exactness of filtered colimits in S/t\kk
Let F 2 colim F3 be a filtered colimit in IndCoh(Y")=" for some n. Since IndCoh(X) =
lim IndCoh(X,) it suffices to show the second factor of

co}}im it fH(Fg) — il co}}m 1 (Fs) — i’cif!(cogim F3)
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is an isomorphism for all a, where i, : X, — X is the natural map. Since i’ is almost
continuous by the previous paragraph, and since f' is left bounded, the first factor is an
isomorphism. It now suffices to show ", f' is almost continuous, since then the composition is
an isomorphism. But i" f' = f'i'  where f, : X, — Y, is the base change of f, and f.i. is
almost continuous by the previous paragraph and left t-exactness of ..

Finally, suppose X = colim X, is a reasonable presentation and f is of finite cohomological
dimension and almost of ind-finite presentation. Then for any v we can factor f o, through
a proper, almost finitely presented map f,, : X, — Y, for some «, and the claim follows by
the same argument as above. 0

6.4. Pushforward and !-pullback. We turn next to the commutation of pushforward and
I-pullback. The proofs below largely follow those of corresponding results for ind-schemes
[Gail3, Prop. 3.4.2], [GR14, Prop. 2.9.2], [Ras19, Lem. 6.17.2].

Proposition 6.24. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y’
h l l h
f
X Y

Suppose that X and 'Y are each geometric or reasonable, that h is of ind-finite cohomological
dimension, and that f is ind-proper, almost finitely presented, and of finite cohomological
dimension. Then for any F € IndCoh(Y")* the Beck-Chevalley map b, f"(F) — f'h.(F) is

an isomorphism.

Proof. Suppose first that X’ and Y’ are geometric. Passing through the equivalences
IndCoh(—)" = QCoh(—)* it suffices to show the natural transformation hfye, f50 = fochqos
in Fun(QCoh(Y”"), QCoh(X)) is an isomorphism, f, and f§. denoting the right adjoints
of focx and fge.. But this follows since it is obtained from the isomorphism ffe,hie —
héefoow in Fun(QCoh(X), QCoh(Y”)) by passing to right adjoints.

Now let Y’ = colim Y be an ind-geometric presentation. For every a we have a diagram

la h

Y, Y’ Y
I R K
L g B
X, X’ X

of Cartesian squares. Expanding the Beck-Chevalley maps in terms of units and counits, it

follows from the basic properties of these that the counits za*z'a — ido(yry and zfx*zg — ido(x7)
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fit into diagrams

Wil i fH(F) —— Bl fain(F) — f'haiaaiy, (F)
(6.25) | |
W f"(F) [ (F),

Compatibly for § > «. That is, the counits ia*i! S 1gclapl aﬁ% — 25*15 and Za* o =
Ui gy ingls — 1g,13 intertwine the top compositions in (6.25) for 5 > a. Passing to colimits

we obtain a diagram

colim h.i! ,i" f'(F) —— colim f'h.igui., (F)

| l
W (F) I'he(F).

The vertical arrows are isomorphisms by Lemma 2.2, the continuity of h, and A/, and the
left t-exactness of h*ia*z’il together with the almost continuity of f* (Proposition 6.21). But
the top arrow is an isomorphism since the top right arrow in (6.25) is by the first paragraph,
hence so is the bottom arrow.

First note that the coherence hypotheses imply that f' and f”* are continuous. If X and Y
are geometric, the claim now follows immediately from Proposition 6.24 since IndCoh(Y”) is
compactly generated by Coh(Y”).

Now suppose that X is truncated and geometric, and let Y = colim Y, be a reasonable
presentation. Define h, : Y, — Y, i, : Y, — Y’ by base change, similarly i,5 : Y, — Y}
for § > a. Each Y, is coherent by Proposition 7.7, so by the previous paragraph we have
haxilg = ipghg. in Fun(IndCoh(Y}), IndCoh(Y,)). For any a we then have hq.i) = iLh, in
Fun(IndCoh(Y”), IndCoh(Y,)) by [Lurl7, Prop. 4.7.5.19]. By Proposition 4.3 we can factor
fas X ELN Y, 2 ¥ for some a. Consider the diagram

! -/
v Ja v s v
u l f l ha l h
o ZCM
X Y., Y

of Cartesian squares. The map in the statement now factors as
W (F) 2 W foio(F) = fahasin(F) = foioha(F) 2 fha(F),

and we have already shown both factors are isomorphisms.
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Now suppose X = colim X, is a reasonable presentation. For any o we have a diagram

il !

X, ——— X' Y’
A l v l h
ZOC
X, X Y

of Cartesian squares. Each X, is coherent by Proposition 7.7, and X’ = colim X, since
filtered colimits are left exact in Stky. Since the functors i’ determine an isomorphism
IndCoh(X’) = lim, IndCoh(X)) in Catoo, it suffices to show that iLRLfN(F) — i fha (F) s
an isomorphism for all «. But by the previous paragraph both the composition

hin " (F) = ighl f*(F) = i f'ha(F)

(6% 0%

and its first factor are isomorphisms, hence the second is as well. O

6.5. Relation to coherent sheaves. We now turn to the relationship between Coh(X)
and IndCoh(X') when X is reasonable. We recall from [Lurl8, Prop. 9.1.5.1] that when X is
geometric, Coh(X) can characterized as the full subcategory of bounded, almost compact
objects in QCoh(X) (i.e. of F € QCoh(X)" such that 72"F is compact in QCoh(X)=" for
all n). The equivalence IndCoh(X)* = QCoh(X)™ thus also identifies Coh(X) with the full
subcategory of bounded, almost compact objects in IndCoh(X).

Proposition 6.26. For any reasonable ind-geometric stack X there is a canonical fully
faithful functor Coh(X) — IndCoh(X). [ts essential image consists of bounded, almost
compact objects. It is induced from a canonical natural transformation between the functors
Corr (indGStk,“*) prop; fta — Catoo given by restricting the domains of (5.9) and (6.10) and
composing them with the natural functors to @:oo. In particular, we have a diagram

Coh(X') «—— IndCoh(X")

Coh(X) «— IndCoh(X),

for any reasonable geometric substack i : X' — X.

Proof. By construction the inclusion Coh(X) C IndCoh(X) for geometric X enhances to
a natural transformation of functors Corr(GStky)prep:sta — éa\too. The variant of (5.9)
appearing in the statement is the left Kan extension of its restriction to Corr(GStk;)pmp; Fids
since following the proof of Proposition 5.4 the restrictions of both to indGStkg, prop are left

Kan extended from GStk;

k.prop- Lhe desired natural transtormation and the pictured diagram

then follow from the characteristic adjunction of left Kan extensions [Lur09, Prop. 4.3.2.17].

Fix a reasonable presentation X 2= colim, X,. Given F € Coh(X) we can write F =
iox(Fo) for some a and some F, € Coh(X,). The t-exactness of i,, implies F is bounded in
IndCoh(X), while the almost continuity of i!, (Proposition 6.21) implies F is almost compact.
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Given G € Coh(X) we can write G ¥ i,.(G,) for some G, € Coh(X,), increasing « if
needed. Identifying F, G with their images in IndCoh(X) we then have

Map;cx (]: g)= Map; ¢ (x, (J:a’lala*(ga))
= Map;¢(x, (}"a,cohmz slaps(Ga))

= Cghm Mapm (fa, @af;@aﬁ*(ga))
= C81>1£4n Map[C(XB)(iaﬁ*(foc)v iaﬁ*(ga))'

Here the second isomorphism follows from Proposition 6.11 and [GR17b, Lemma 1.1.10], and
the third follows since F, and G, are coherent and each i!aﬁiag* is left t-exact. But since
Coh(Xp) is a full subcategory of IndCoh(Xp) for all 5 > «, the last expression is equivalent
to Mapcopx)(F,G) [Roz, Lem. 0.2.1]. O

6.6. The pushforward/+-pullback adjunction. Suppose f : X — Y is both of finite
Tor-dimension and ind-finite cohomological dimension. Then we have separately defined
functors frc. and fj., but the definition does not explicitly entail any direct relationship

between them. Nonetheless, the two functors are adjoint in the expect way.

Proposition 6.27. Let X and Y be ind-geometric stacks and f : X — 'Y a morphism which
is both of finite Tor-dimension and of ind-finite cohomological dimension. Then frcy is right
adjoint to fiq.

Lemma 6.28. Let @,@ be the left completions of é,b € Przzfl. Let F: C = D and
G:D — € be bounded colimit-preserving functors, and let F:C—DandG:D — € be their
images under the equivalences LFunb(é, 5) &~ LFunb(/é, @) and LFunb(’b, é) &~ LFunb(@, @)
Then G is right adjoint to F if and only zf@ 1s right adjoint to E. If this is the case, the
equivalences LFunb(é, é) = LFunb(@, @) and LFunb(b, 5) = LFunb(@, @) together identify

pairs of a compatible unit and counit for the two adjunctions.

Proof. We consider the if direction, the other being symmetric. Recall that G being right
adjoint to F is equivalent to the existence of unit and counit transformations u : ids — GF,
€: FG — idz and diagrams

This is a reformulation of [RV22, Def. 2.1.1], which is equivalent to [Lur09, Def. 5.2.2.1] by
[RV22, Prop. F.5.6].
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By hypotheses @ and € are morphisms in LFunb(@, @) and LFunb(@, @), and we write % and
¢ for the corresponding morphisms in LFunb(b, 5) and LFunb((VE, (v3) The above diagrams
are respectively in LFunb(@, @) and LFunb(@, é), and we claim the corresponding diagrams
in LFunb(é, ’b) and LFunb(’b, é) witness % and € as the unit and counit of an adjunction
between F and G. In other words, we claim the equivalence LFunb(@, @) = LFunb(é, ﬂv))
takes ﬁ@ﬁ, idg - u, and € - idp respectively to F’CVJZVW, idy - 0, and € - idjy, similarly for the
right diagram.

Write We : ¢ = €and L2 D — D for the canonical functors. Then F is characterized
in LFunb(é, ﬂv)) by the condition \P@ﬁ o ﬁ\lle, similarly for G. Tt follows that \Pgﬁ’éﬁ o
FGF Ve, which likewise characterizes FGFE as the functor corresponding to FGF. Now

consider the following diagram, in which all horizontal arrows equivalences.

— Ve Ve—

LFunb(é, é)

|7 |-
e LFunb(é, 5)

LFunb(@, @)
P

~ o~ -
LFun’(€, D) :

Here the compositions around the left square are evidently isomorphic, while those around
the right square are because of the isomorphism \If@f ~ F Ue. The morphism idz - u is the
image of w under the left vertical map, while id3 - @ is the image of @ under the right. But
by definition % is the image of w under the overall top equivalence, hence idy - @ is the image
of idz - w under the overall bottom equivalence. The remaining conditions are checked the
same way. [

Proof of Proposition 6.27. We let IC subscripts be implicit in the proof, f, always meaning
fros, ete. If X and Y are truncated and geometric, the claim follows immediately from
Lemma 6.28. In general, let Y = colim Y,, be an ind-geometric presentation and f, : X, — Y,
the base change of f. We then have an ind-geometric presentation X =2 colim X, since f is
of finite Tor-dimension and filtered colimits in S/t\kk are left exact. Let A denote the index
category and A}IB C A the morphism associated to o < 5.

By construction we have a functor A x A — Prl taking Al x Al 5 to the diagram witnessing
the isomorphism iqg. fox = faslhg,, and a similar functor (A')? x A — Pr" packaging the
isomorphisms f3iap. = i, fs Passing to right adjoints, these are equivalent to the data
of a functor A°° — Fun((A!)°P, @OO) taking o to fE and a functor A°° — Fun(A?, (/choo)
taking o to f:2.

Note that the unit/counit compatibility of Lemma 6.28 implies more precisely that the
isomorphism fZiag. = iy, [ is the Beck-Chevalley transformation associated to the isomor-
phism g fos = fg*z"aﬁ*. In the notation of [Lurl7, Def. 4.7.5.16], the above functors thus
take values in Fun®*4((A1)op, é\atoo) and Fun"*(A?, éaTtoo), respectively, and correspond
under the equivalence Fun®*4((A1)op, @m) >~ Fun™4 (A, (/3a\too) of [Lurl7, Cor. 4.7.5.18].



38 SABIN CAUTIS AND HAROLD WILLIAMS

By the same result these subcategories are closed under limits in Fun((A')°P, @:m) and
Fun(A!, Cats,). But by Proposition 6.11 and [Lur09, Cor. 5.1.2.3] we have f£ 2 lim f2 and
[ 2 1im f*2 hence fF is right adjoint to f*%, hence f, is right adjoint to f*. O

The definition of ind-coherent pushforward and x-pullback also defines base change iso-
morphisms for suitable Cartesian squares. These isomorphisms are compatible with the
adjunction of Proposition 6.27 in the following sense.

Proposition 6.29. Let the following be a Cartesian diagram of ind-geometric stacks in which
f s both of finite Tor-dimension and of ind-finite cohomological dimension.

/ f/ !/

X Y
h’l ; lh
X Y

If h is of ind-finite cohomological dimension (resp. of finite Tor-dimension), the isomorphism
f*he =2 BLf™* of functors IndCoh(Y’) — IndCoh(X) is the Beck-Chevalley transformation
associated to the isomorphism f.h), = h, f. of functors IndCoh(X’) — IndCoh(Y") (resp. the
isomorphism '™ f* = f*h* of functors IndCoh(Y') — IndCoh(X")).

Proof. Consider the case with h of ind-finite cohomological dimension, the finite Tor-dimension
case following by a variation of the same argument. If X, Y, and Y’ are truncated and
geometric the claim follows immediately from Lemma 6.28. If h is the immersion of an
ind-geometric substack the claim was established during the proof of Proposition 6.27.

We pass to right adjoints and identify the isomorphisms f*Rhft = h/E f*R and fEp'E =~
hE f'R vespectively with a morphism f*F — f*F in Fun(A!, Cat.) and a morphism f2 — f/&
in Fun((A')°p, (/3;;500), performing such identifications without comment in the rest of the proof.
In the notation of [Lurl7, Def. 4.7.5.16], we want to show these belong to Fun™**¢(A®, 687%0)
and Fun™A4((Al)op, (/];coo), respectively, and correspond to each other under the equivalence
Fun"*4(A!, Catys) = Fun®4((A1)°P, Caty) of [Lurl?7, Cor. 4.7.5.18].

First suppose X and Y are truncated and geometric, let Y = colim Y be an ind-geometric
presentation, and write f/ : X! — Y. for the base change of f’. As in the proof of
Proposition 6.27, we have f*% 2 lim f”# in both Fun"*(A, @m) and Fun(Al,(/JEGOO),
hence f*F — f*R is in Fun"*(A!, Caty.) since each f*F — f*R is. Similarly, f% — f/® =
lim f'% is in Fun®4((A1)ep, @OO) since each f® — f'2is and it corresponds to f*% — f*f

under [Lurl7, Cor. 4.7.5.18] since each f* — /I corresponds to f*% — f/*£,
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Now let Y = colim Y,, be an ind-geometric presentation. For any o we have a diagram

j/ X! f‘/)‘ Y’
ralan

, l fa

(" Xao — Y,
X / Y ‘/ZO‘

with Cartesian faces. We have already shown that the compositions f*# — f*f — f*E and
fE = fE 5 7 helong to Fun™d(Al, (/3a\too) and Fun"™A4((A)op, @m), and correspond
under [Lurl7, Cor. 4.7.5.18]. By closure of these subcategories under limits, and by Propo-
sition 6.11, it suffices to show f’*R — fF and fF — f'% belong to Fun™*4(Al, (/32300) and
Fun®Ad((Ab)er, Catoo) and correspond under [Lurl7, Cor. 4.7.5.18].

Consider the following diagram in Fun(IndCoh(Xj), IndCoh(Y})).

jaﬂ*hﬁ*f/j - ja/j*f/ h f/ .]aﬁ* /*
| E
a* aﬁ*f - hR f;RiixPE* fl*Rh/oi g/%@*

We have already shown f*# and etc., are adjoint, and the claim at hand is equivalent to

a*7

the top right arrow being the Beck-Chevalley transformation associated to the isomorphism
Jeb i = flE5E,,. But this follows since we have shown the corresponding claim for the top

left and bottom arrows, and since all arrows in the diagram are isomorphisms. U

7. COHERENT IND-GEOMETRIC STACKS

Given an arbitrary ind-geometric stack X, we have noted that in general the category
IndCoh(X) defined in the previous section is not necessarily compactly generated by Coh(X)
(despite the notation). This is true, however, in the main cases of interest. This includes, of
course, Noetherian schemes as considered in [Gail3], as well as locally Noetherian geometric
stacks (in particular geometric stacks which are almost of finite type and QCA as in [DG13,
Thm. 3.3.5]) and reasonable inductive limits of these. More generally it includes the class of
coherent ind-geometric stacks considered in this section (Proposition 7.5), which also includes
examples such as the quotient R¢ n/Go studied in [BFN18, CW23a].

7.1. Definitions and Key Properties. Recall that a geometric stack X is locally coherent
if there exists a flat cover Spec A — X such that A is coherent.
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Definition 7.1. A geometric stack X is coherent if it is locally coherent and QCoh(X)"
is compactly generated. An ind-geometric stack X is coherent if it is reasonable and every
reasonable geometric substack is coherent.

If X is a coherent geometric stack, it follows from [Lurl8, Prop. 9.1.5.1] that more
specifically QCoh(X)" is compactly generated by Coh(X)Y. As a basic example, recall that
a geometric stack X is locally Noetherian if it admits a flat cover Spec A — X such that
A is Noetherian. In this case QCoh(X)® is compactly generated, hence X is coherent, by
[Lurl8, Prop. 9.5.2.3]. More generally, the following result implies QCoh(X)" is compactly
generated if X is affine over a locally Noetherian geometric stack.

Proposition 7.2. Let f : X — Y be an affine morphism of geometric stacks. If QCoh(Y)"
is compactly generated, then so is QCoh(X)Y.

Proof. Since f is affine f, : QCoh(X) — QCoh(Y) is t-exact and conservative, hence restricts
to a conservative functor QCoh(X)% — QCoh(Y)". This restriction is continuous and has a
left adjoint, the restriction of 72% o f*. Thus compact generation of QCoh(Y)” implies that
of QCoh(X)¥ by [Lurl7, Prop. 7.1.4.12] (whose proof applies to compact generation, not
just compact projective generation). 0

Together with Proposition 4.2, the following result ensures the definition of coherence is

consistent when we regard a geometric stack as an ind-geometric stack.

Proposition 7.3. Let f : X — Y be an almost finitely presented closed immersion of
geometric stacks. If' Y is locally coherent (resp. coherent), then so is X.

Proof. Let Spec A — Y be a flat cover with A coherent, and f’ : Spec B — Spec A the base
change of f (recall that f is affine by Proposition 3.18). By [Lurl8, Cor. 5.2.2.2] B is almost
perfect as an A-module, hence H"(B) is finitely presented over H°(A) for all n < 0. Moreover
H°(B) is a quotient of H°(A) by a finitely generated ideal, so H(B) is coherent and the
H"(B) are finitely presented over H°(B) [Gla89, Thm. 2.4.1]. Moreover, if QCoh(Y)® is
compactly generated then so is QCoh(X )" by Proposition 7.2. O

Proposition 7.4. Coherent ind-geometric stacks are closed under filtered colimits along
almost ind-finitely presented closed immersions in Stky. In particular, an ind-geometric stack

15 coherent if and only if it has a reasonable presentation whose terms are coherent.

Proof. If X = colim X, is a filtered colimit as in the statement, then X is a reasonable
ind-geometric stack by Proposition 4.13. If i : X’ — X is a reasonable geometric substack,
then 7 factors through some X, by Proposition 3.16. Moreovoer, if X, = colimg X,z is a
reasonable presentation ¢ then factors through an almost finitely presented closed immersion
to some X, by Proposition 4.5. But X,z is coherent by hypothesis, hence X’ is coherent by
Proposition 7.3. O
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We have the following key property of coherent ind-geometric stacks.

Proposition 7.5. If X is a coherent ind-geometric stack then the canonical functor Ind(Coh(X)) —
IndCoh(X) is an equivalence, and induces equivalences Ind(Coh(X)=?) = IndCoh(X)=°,
Ind(Coh(X)=") = IndCoh(X)=°.

Proof. For a coherent geometric stack this follows from [Lurl8, Thm. C.6.7.1]. The ind-
geometric case then follows from Propositions 5.4, 6.11, and 6.26, since ind-completion of

idempotent-complete categories admitting finite colimits commutes with filtered colimits
[Lurl?7, Lem. 7.3.5.11]. O

Remark 7.6. In light of Proposition 7.5, the notion of coherent ind-geometric stack is in a
sense formally dual to the notion of perfect stack considered in [BZFN10].

7.2. Fiber Products. Coherent ind-geometric stacks are not closed under general fiber
products (e.g. [Gla89, Sec. 7.3.13]), but we record a few cases of interest where they are
(beyond more elementary ones with Noetherian hypotheses).

Proposition 7.7. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y’
h l l h
f
X Y

Suppose that X and Y are reasonable, that Y’ is coherent, and that f is an almost ind-finitely
presented ind-closed immersion. Then X' is coherent and f' is an almost ind-finitely presented

ind-closed immersion.

Proof. Suppose first that X and Y’ are truncated geometric stacks, and let Y = colim Y,
be a reasonable presentation. We may assume f and h factor through maps f, : X — Y,
he : Y =Y, for all a. Letting X/, := X Xy, Y’  each f! : X, — Y’ is an almost finitely
presented closed immersion by base change and Proposition 4.12; hence X/, is coherent by
Proposition 7.3. For any 3 > « the induced map i, : X/, — Xj is an almost finitely
presented closed immersion since fj o,z = f;, (Proposition 3.9). Since X’ = colim X xy, Y’
in Stk by left exactness of filtered colimits [Lur09, Ex. 7.3.4.7], it follows that X" is coherent
by Proposition 7.4.

In general, fix reasonable presentations X = colim X,, and Y’ = colim V3. Then as above
X" = colim X, xy Yy presents X' as a filtered colimit of coherent ind-geometric stacks along
almost ind-finitely presented ind-closed immersions, hence X’ is coherent by Proposition 7.4.
That fis an almost ind-finitely presented ind-closed immersion follows from Propositions 4.12

and 4.20. ]
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Proposition 7.8. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y’
W l ; l h
X Y

Suppose that X is coherent, Y is reasonable, and Y’ is ind-tamely presented. Suppose also
that f is ind-tamely presented and that h is affine and has coherent pullback. Then X' is
coherent.

Proof. 1If X = colim X, is a reasonable presentation, then as in the proof of Proposition 4.19
X' = colim X is a reasonable presentation, where X! := X, xy Y’. By Propositions 4.10
and 4.11 each X is tamely presented, hence locally coherent by Proposition ??. But X, is

coherent, hence by Proposition 7.2 so is X/, since h is affine. U

We say an ind-geometric stack is ind-locally Noetherian if it is reasonable and every

reasonable geometric substack is locally Noetherian.

Proposition 7.9. Suppose X — X' and Y — Y’ are tamely presented affine morphisms of
ind-geometric stacks such that X' and Y’ are ind-locally Noetherian. Then X, Y, and X XY

are coherent.

Proof. Let X’ = colim X/, be a reasonable presentation. Then X = colim X,,, where X, :=
X xxr X!, by left exactness of filtered colimits in S/t\kk Each X! is locally Noetherian, hence
each X, is coherent since X, — X, is tamely presented and affine (Propositions 7?7 and 7.2).
Coherence of X follows from Proposition 7.4. The other claims are the same, noting that
X’ x Y’ is ind-locally Noetherian and that X x Y is tamely presented and affine over it. [J

7.3. Pushforward and !-pullback. When the stacks appearing in Proposition 6.24 are
coherent, it immediately follows that its conclusion holds for all F € IndCoh(Y”), as f' and
f" are continuous and IndCoh(Y”) is compactly generated by Coh(Y”). When X and Y are
ind-geometric, the coherent case differs from the general case more substantially in terms of

what other hypotheses are needed, so we isolate these into separate results below.

Proposition 7.10. Let the following be a Cartesian diagram of ind-geometric stacks.

!/

X' Y
0 l ; l h
X Y

Suppose that all stacks in the diagram are coherent, that f is ind-proper and almost of
ind-finite presentation, and that h is of ind-finite cohomological dimension. Then for any
F € IndCoh(Y") the Beck-Chevalley map K. f"(F) — f'h.(F) is an isomorphism.
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Proof. First note that the coherence hypotheses imply that f' and f" are continuous. If
X and Y are geometric, the claim now follows immediately from Proposition 6.24 since
IndCoh(Y”) is compactly generated by Coh(Y”).

Now suppose that X is truncated and geometric, and let Y = colim Y,, be a reasonable
presentation. Define h, : Y, — Yy, i, : Y, — Y’ by base change, similarly i/,5 : ¥, — Y}
for § > a. Each Y, is coherent by Proposition 7.7, so by the previous paragraph we have
haxilg = ipghg. in Fun(IndCoh(Y}), IndCoh(Y,)). For any a we then have hq.i) = ilh, in

«,

Fun(IndCoh(Y”), IndCoh(Y,)) by [Lurl7, Prop. 4.7.5.19]. By Proposition 4.3 we can factor

fas X ELN Y, %Y for some a. Consider the diagram

/ -/

X/ o Yci o Y/

d l f l ha l h
[0 Za
X Y., Y

of Cartesian squares. The map in the statement now factors as

W (F) 2 W foin(F) = fahanin(F) = faigha(F) 2= fh(F),

C!ZOZ
and we have already shown both factors are isomorphisms.
Now suppose X = colim X, is a reasonable presentation. For any a we have a diagram

il !

X, —— X’ Y’
h;l , lh’ lh
Xp—o oy .y
of Cartesian squares. Each X is coherent by Proposition 7.7, and X’ = colim X, since

filtered colimits are left exact in Stky. Since the functors i" determine an isomorphism
IndCoh(X') 22 lim, IndCoh(X,) in Cate,, it suffices to show that i\, h’ f"(F) — i\, f'h.(F) is

an isomorphism for all «. But by the previous paragraph both the composition

hin " (F) = iy W, f(F) = i f ha(F)

(6% 0%

and its first factor are isomorphisms, hence the second is as well. O

7.4. Pushforward and x-pullback. In the context of coherent ind-geometric stacks, Propo-
sition 7.5 lets us extend both of the basic functorialities of IndCoh.

Definition 7.11. Let X and Y be reasonable ind-geometric stacks such that Y is coherent,
and let f: X — Y be a morphism with coherent pullback. We write f* : IndCoh(Y) —

IndCoh(X) for the unique continuous functor whose restriction to Coh(Y') factors through
the functor f*: Coh(Y) — Coh(X) of Definition 5.2.
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When f is of finite Tor-dimension this is indeed consistent with Definition 6.9, since the
previously defined f* is continuous and preserves coherence. To describe the pushforward
counterpart of Definition 7.11 first note that if f: X — Y is any morphism of ind-geometric
stacks such that X is reasonable, there is a canonical functor f, : Coh(X) — IndCoh(Y')
defined as follows. Write IndCoh.’ . :indGStk; — Catoo for the left Kan extension of the
evident functor IndCoh™ : GStk;” — Catoo. Explicitly, IndCoh . .(X) is the full subcategory
of F € IndCoh™(X) which are pushed forward from some ind-geometric substack of X. By
construction we have a functor f, : IndCoh(X); . = — IndCoh(Y); . ., while by the universal

naive and

property of left Kan extensions we have canonical functors Coh(X) — IndCoh(X)
IndCoh(Y) .~ — IndCoh(Y)™, and we let f, be the composition of these.

naive

Definition 7.12. Let f: X — Y be a morphism of ind-geometric stacks, and suppose that
X is coherent. Then we write f, : IndCoh(X) — IndCoh(Y') for the unique continuous
functor whose restriction to Coh(X) is the functor above.

Suppose f: X — Y and g: Y — Z are morphisms of ind-geometric stacks such that X is
coherent, and such that either Y is coherent or ¢ is of ind-finite cohomological dimension.
Then have an isomorphism g, f. = (g o f). of functors IndCoh(X) — IndCoh(Z), since both
are continuous and have their restrictions to Coh(X) are isomorphic by construction.

If the source and target of f : X — Y are coherent, we have the following extension of
Proposition 6.27.

Proposition 7.13. Let X and Y be coherent ind-geometric stacks and f : X — Y a
morphism with coherent pullback. Then f. : IndCoh(X) — IndCoh(Y) is right adjoint to
f* : IndCoh(Y) — IndCoh(X). In particular, suppose f sits in a Cartesian diagram of the
following form, where h and h' have coherent pullback and X' and Y’ are coherent.

!/

- ST
X / Y

Then we obtain a Beck-Chevalley transformation h*f, — fLh'* from the the isomorphism
hofl. = f.h! of functors IndCoh(X") — IndCoh(Y'), and the former is itself an isomorphism
if fis proper and almost of finite presentation.

Lemma 7.15. Let é,@ be the left completions of é,@ € Priﬁ;ﬁ, and let Ve : € — C and
Uy - D — D be the canonical functors. Let F:C— 5, F:C—D be colimit-preserving
functors such that F is right bounded and \I!Dﬁ = F\\I’@, and let G : D — é, G:D — C be
their right adjoints. Then the Beck-Chevalley map \IJ@(V}(X) — @\I/D(X) is an isomorphism

for all X € Dt
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Proof. By definition the Beck-Chevalley map is the composition
(7.16) UeG(X) = UeGUEDL(X) 2 UeUlGUp(X) — GUp(X)

of unit and counit maps. Since W is t-exact and restricts to an equivalence e+ /G\Jr, its
right adjoint WE is left t-exact and restricts to the inverse equivalence € = C*, likewise for
UE In particular, the first map in (7.16) is an isomorphism since X € D*. But G is left

bounded since F is right bounded, hence @\IJD(X ) € €+, hence the last map in (7.16) is an
isomorphism. [l

Proof. First suppose X and Y are truncated and geometric. Since IndCoh(X) is compactly
generated and f* preserves compactness, the right adjoint f*® is continuous. But f, and
f*E have isomorphic restrictions to Coh(X) by Lemma 7.15 and the definitions, hence by
continuity they are themselves isomorphic. When X’ and Y are truncated and geometric, the
final claim follows immediately since h* f, and f.h™ are continuous and the transformation
restricts to an isomorphism of functors Coh(X) — Coh(Y”).

Now let Y = colimY, be a reasonable presentation, let f, : X, — Y, be the base
change of f, and let i,5 : X, — Xz the base change of i, : Y, — Yj. Unwinding the
definition of f,, it follows from Proposition 6.11 and [Lur09, Cor. 5.1.2.3] that f. = colim f,.
in Fun(A®, PrY), the structure maps being given by the isomorphisms Gogef s = farlapx
Likewise, we have f, = colim f,. in Fun((A')°,Prl), the structure maps being given
by the Beck-Chevalley isomgll)hisms Jhiape = igg. fa. Passing to/\right adjoints we have
fE>1im f2 in Fun((A')°P, Cats,) and f*% 2 lim f*f in Fun(A!, Cat,). In the notation of
[Lurl?, Def. 4.7.5.16], it follows from [Lurl7, Cor. 4.7.5.18] and the previous paragraph that
% € Fun™ (A, @m), R e Fun®d(Al, Ga\too), and that f*¥ and f correspond under
the equivalence Fun™4 (A, Catoo) & Fun® (Al Cato) of [Lurl?, Cor. 4.7.5.18]. But then
f. is right adjoint to f* since f is to f*. The general case of the final claim now follows as

in the geometric case. 0
8. EXTERNAL PRODUCTS AND SHEAF Howm
Given a geometric stack Y, the sheaf Hom out of F € QCoh(Y") is defined by the adjunction
—® F : QCoh(Y) = QCoh(Y) : Howe (F, —).
For any f: X — Y, the isomorphism f*(— ® F) = — ® f*(F) then gives rise to a map
(8.1) [ Horn(F,G) = Hern ([7(F), £7(9))

which is natural in G € QCoh(Y’). This is not an isomorphism in general, but is when f is of
finite Tor-dimension under certain hypotheses on F and G. The basic goal of this section is
to generalize this and related results, in particular allowing f to have coherent pullback, X
and Y to be ind-geometric, and F and G to be ind-coherent.
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Since IndCoh(X') does not generally have a tensor product, external products instead play
the primary role. That is, for suitable F € IndCoh(Y') we have an adjunction

— X F : IndCoh(X) < IndCoh(X x Y) : (— K F)~.

To make explicit their dependence on X we will denote these functors by er x and 627 x-
When X and Y are geometric, we have an isomorphism Howe (F, —) = e%YAy*, letting
us subsume results about Hez(F, —) in corresponding results about egy. This formula
moreover provides a useful definition of sheaf Hom in the ind-geometric setting.

On a technical level, there is a close analogy between e% « for coherent F and the functor ¢'
associated to a morphism g : X’ — Y which is ind-proper and almost of ind-finite presentation
— the two functors have similar formal properties for similar reasons. In particular, many
proofs about e?  in this section closely follow corresponding proofs in Section ??. The main
difference is that the role of the map ¢ is now played by the projection X x Y — X, so a
contravariant functoriality has been replaced with covariant one.

8.1. Ind-coherent external products. We begin by defining the the external product of a
pair of ind-coherent sheaves, at least provided one of them is bounded. We assume that k is an
ordinary ring of finite global dimension for the rest of the paper. Suppose first that X and Y
are geometric stacks and F € IndCoh(Y)®. By Lemma ?? the assignment G — G X Uy (F)
defines a bounded colimit-preserving functor ey, () x : QCoh(X) — QCoh(X x Y). The
universal property of IndCoh(—) guarantees that this functor has a unique ind-coherent lift
in the following sense.

Definition 8.2. If X and Y are geometric stacks and F € IndCoh(Y)?, we let ex x denote
the unique bounded colimit-preserving functor fitting into a diagram of the following form.

)

IndCoh(X) IndCoh(X x Y)
(8.3) Uy l l Uy
€vy (F),X
QCoh(X) QCoh(X xY)

When X and Y are truncated this is compatible with our earlier definition of external
products of coherent sheaves (Proposition ??) in the obvious way, given the identification of
Coh(X) and Coh(X x Y') with full subcategories of IndCoh(X') and IndCoh(X x Y'). When
X is coherent Definition 8.2 is determined by this compatibility, as er x is then the left Kan
extension of its restriction to Coh(X) (Proposition 7.5). The functoriality of Definition 8.2
in X, Y, and F is described by the following result.
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Proposition 8.4. There exists a diagram

IndCoh(—) x IndCoh(—)? IndCoh(— x —)
(85) Ve x e | | 2o
QCoh(—) x QCoh(—)" QCoh(= x —)

of functors Corr(GStkk);fd;ftd — Cateoo which specializes to the diagram (8.3) when evaluated
on any X,Y € GStky and any F € IndCoh(Y)°.

We postpone the proof of Proposition 8.4 while we extend Definition 8.2 to ind-geometric
stacks. To simplify the needed constructions we restrict our attention to the case where Y is
reasonable and F is coherent. This is not strictly essential, but most good properties of e% x
(e.g. almost continuity) will require F to be coherent anyway.

Note first that the top arrow of (8.5) can be encoded as a functor Corr(GStkk)?fd;ﬁd —
@OAOI. Restricting its domain and values we then obtain a functor Corr(GStk}) feg. fea X
Corr(GStky ) prop: fta — é\atfo1 of the form

IndCoh(—) x Coh(—) — IndCoh(— x —).

For any X, Y € GStk, the specialization of this expression preserves small colimits
in IndCoh(X), hence there exists a unique extension to a functor Corr(GStK; ) fedfra X
Corr(GStK, ) prop: fra — (Pr™)2" of the form

(8.6) IndCoh(—) ® Ind(Coh(—)) — IndCoh(— x —).

We now define a functor Corr(indGStkg) feq; fra X Corr(indGStk; ), op: fta — (731FL)Al via left
Kan extension. This extension exists, and moreover is of the same form (8.6), since (Pr)2
admits small colimits and (Pr)2" — (Pr)*2 preserves them [Lur09, Cor. 5.1.2.3], since the
tensor product in Prl preserves small colimits in each variable [Lurl7, Rem. 4.8.1.23], and
since ind-completion of idempotent-complete categories admitting finite colimits commutes
with filtered colimits [Lurl7, Lem. 7.3.5.11].

Definition 8.7. We define a functor Corr(indGStky) feq.fta X Corr(indGStky“*),op: fta —
Catvol of the form

IndCoh(—) x Coh(—) — IndCoh(— x —)

by taking the functor Corr(indGStky) fed:fra X Corr(indGStky ) prop: fta — (731"1‘)Al defined
above, passing to its underlying @él—valued functor, and then composing with the canonical
natural transformation IndCoh(—) x Coh(—) — IndCoh(—) ® Ind(Coh(—)). Given ind-
geometric stacks X and Z such that Z is reasonable, and given F € Coh(Z), we write

erx : IndCoh(X) — IndCoh(X x Y)

for the associated functor.
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Explicitly, Definition 8.7 says that if F = i,(F’) for some reasonable geometric substack
1: 7" — Z,and if X = colim X, is an ind-geometric presentation, then we have a diagram

ef/’Xa

IndCoh(X,) IndCoh(X, x Z’)

ia*l l(z’a % i),
€F X
IndCoh(X) IndCoh(X x Z)

for all ae. The functor er x is determined by these diagrams together with the fact that by
construction it preserves small colimits.

If X and X x Z are reasonable and F € Coh(Z), it follows from the definitions that ez x
takes Coh(X) to Coh(X x Z). In particular, suppose X and X x Z are coherent, X’ and Z’
are reasonable, and h: X' — X, ¢ : Z' — Z are morphisms with coherent pullback. Then

there is a canonical isomorphism

(88) (h X ¢)*€f,X & 6¢*(]—‘)7X/h*

since both sides are continuous and have canonically isomorphic restrictions to Coh(X).

Proposition 8.9. Let X and Z be ind-geometric stacks such that Z reasonable, and let
F € Coh(Z). Then er x is bounded.

Proof. Fix an ind-geometric presentation X = colim X, and write F = i, (F’), where
i:Z' — Z is a reasonable geometric substack and F' € Coh(Z')™". If G, € IndCoh(X,)=°
for some «, then by t-exactness of (i, x i), and the proof of Lemma ?? we have ez xin.(Ga) =
(ia X 1)ser x,(Ga) € IndCoh(X)=", where m’ is m minus the global dimension of k. Similarly,
if G, € IndCoh(X,)=C then ez xin(Gn) € IndCoh(X)=". Given that G ¥ colimi,.i. (G)
for any G € IndCoh(X) (by Proposition 6.11 and Lemma 2.2), it follows that er x takes
IndCoh(X)Z° to IndCoh(X x Z)=™ since i, is left t-exact and IndCoh(X x Z)=™ is closed
under filtered colimits. If G € IndCoh(X )=, then we additionally have G = colim ia*TSOi;(g)
(by Proposition 6.13 and Lemma 2.2, given that IndCoh(X)=° is closed under colimits and
759 is right adjoint to the restriction in : IndCoh(X,)=% — IndCoh(X)=%). It now follows

that ex x takes IndCoh(X)=? to IndCoh(X x Z)=". O

We note the following consistency between Definitions 8.2 and 8.7, which is true by con-
struction when X and Z are truncated, and whose statement implicitly uses Proposition 6.18.

Proposition 8.10. Let X and Z be geometric stacks such that Z s reasonable, and let
F € Coh(Z). Then the functors ex x of Definitions 8.2 and 8.7 are canonically isomorphic.

Proof. Since the functor ex x of Definition 8.7 is bounded (Proposition 8.9), it suffices to show
it fits into a diagram of the form (8.3). Let X = colim X, , Z = colim Z3 be respectively
an ind-geometric and a reasonable presentation, and write F = ig.(F3) for some [ and
Fp € Coh(Zg). By Proposition 8.4 the functors e;, (7, x, form a filtered system in (Priya’
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which lifts to a filtered system in (Pr)% /ew o x (
the diagram realizing the isomorphism (ia X iy )« @0V x0x 2, Cis. . (Fs) Xa = €U, (F). X lax,Qe VX, )-
By Proposition 6.11 and [Lur09, Prop. 1.2.13.8] its colimit in (Pr” )/ew x
whose top and bottom arrows are ex x and ey ,(r) x. But the vertical arrows in this diagram

Le. given termwise by taking e;, (7,) x, to
is a diagram

are t-exact and induce equivalences of left completions by Proposition 6.13 and t-exactness
of the ¥(_) functors and the pushforward functors in the filtered system, hence they are
isomorphic to ¥x and V¥, . O

We now return to the (tedious but ultimately straightforward) proof of Proposition 8.4.

Proof of Proposition 8.4. We can regard the natural transformation on the bottom of (8.5) as a
functor Corr(GStkk)fcd fid = Cat?' taking (X,Y) to QCoh(X)xQCoh(Y)? — QCoh(X xY).

Here we write Catvo := Fun(A', @m), similarly in other cases below. By construction this
Stb o
cpl

éaTtoo X Prféib, regarding it as a category over Catjf via ((3, D, 8) > (C? x D, 8). We then

write 6;5?01 = @OA; X Gz, Prec for the category of tuples (@, D, g, F), where @, ge Prfg’lb,
D € Caty, and F : € x D — &£. Finally, we write Catﬁ’fl for the full subcategory of such

tuples whose associated functor D — Fun(/é7 /é) takes values in L]F‘unb(/é7 g)

functor factors through the category @gf defined as follows. We set Pr.. := Pr

We will prove the claim by constructing a functor @cg’fl — @OA;XN which takes
the bottom arrow in (8.5), evaluated on any (X,Y’), to the entire diagram Let us set

Pro, := Prith (/387500 X PrStbl and Pr,. = Provh aaTtoo x Proub defining Cat2!

acpl acp acpl cpl etc. ) a8

aa ?

above. The main step will be to first construct a diagram
Catd) —— Catd ~——— Cat?

(8.11) [ 1 1

CatbA! _~, CathA! DA CathA!
aa ac cc

in which the bottom functors are equivalences, and such that under these equivalences the

bottom arrow in (8.5) (as a CatbA

-valued functor) corresponds to the top arrow and overall
composition of (8.5) (respectively as a Ga\tgfl—valued and a @Z;Al—valued functor).

Let us explicitly construct the top left functor in (8.11) and show that it restricts to the
equivalence on the bottom left; the construction of the right square is parallel. To do this we

introduce the following pair of diagrams.

—_ —— A2 1 2 —— A1l
CatOAOQ Catgg Ca‘cA02 Catfac - Catggc - Catfé”
—— A0 0 ——— A2
(812)  Eaih —— Cardivhle — 2% Eaill

| oS l

Catxdt — Catd"™ ~———Praa  Catp Praq
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Here the subscripts in e.g. A}, indicate a particular 1-simplex of A?  and the arrows in the
left diagram not involving Praa are induced by restriction. The unit of the localization C — e
on 731" epl " induces a functor Pr —> CatA takmg CtoC — G and the diagonal arrow out of
Praq is the induced functor ((‘3 @ 8) (C‘f xD,E = €). The horizontal and vertical arrows
out of Pry, thus take (G D 8) to (G X ’D 8) and (G x D 8) respectively.

In the right diagram, Cataa01 and Cataco2 are respectively the fiber products of the bottom
row and right column of the left diagram (which is consistent with our existing notation
after forgetting subscripts). The remaining three categories are the fiber products of their
counterparts on the left with Pr,, over @OAOSUA%Q. Note that their natural maps to Pry,
indeed factor through those of @ﬁl‘%l and éaEaAC‘ln as indicated.

We claim the leftmost vertical functors in the right diagram are equivalences. For the top,
this follows since it is base changed from its counterpart on the left, which is an equivalence
by [Lur09, Cor. 2.3.2.2]. For the bottom, this follows from the bottom left square of the left
diagram being Cartesian. Composing the inverse equivalences with the top arrows we obtain
a functor éaTtaAa‘ln — éaTtaAc‘ln as desired.

The fiber of this functor over a particular (é D 8) € Pry, is the map Fun((‘? x D 8)§
Fun(é X D,g)g given by composition with ) (the superscripts indicate that non-
invertible natural transformations are excluded). Since the correspondmg map LFun’ (G 8)
LFun” (C? 8) 1s an equlvalence by definition, it follows that Cath?' — Cathd' restricts to a
functor Cata’a 01 — Cata’c 01 which in turns restricts to an isomorphism of fibers over Pry,.

We recall that 62?5?01 is a bifibration over @go [Lur09, Cor. 2.4.7.11]. It follows from
the definitions that bifbrations are stable under pullback along products of maps and under
restriction to full subcategories. In partlcular Cata’a o and @Z@Aél are bifibrations over

Praq, factored as the product of Prizlﬁ x Caty and 731“22;1 It now follows from [Lur(09, Prop.
Al

— 1
2.4.7.6] and the previous paragraph that Catos® — Catus™ is an equivalence.
To complete the proof, note that by construction the bottom row of (8.11) factors as

Catb Ao & CatbA = Catb Aoz & CatbA = Catb Al

aac acc

Here we again use subscripts to indicate edges in A2, @;AQ is the evident counterpart of
Cat®’, and Cat??, Cat?’

aac? acc? aac

are the full subcategorles Correspondlng to Catb Al The middle
terms in this factorization map to CatA CatA , and Catvo compatibly with the relevant
maps, hence we obtain a functor

Cat’ — Catd x__ Catd’ = Catd . O

Catoo

8.2. External and internal adjoints. Let X and Z be ind-geometric stacks such that Z
is reasonable, and let F € Coh(Z). We denote the right adjoint of ex x by

e x : IndCoh(X x Z) — IndCoh(X).
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When X and Z are geometric and F € QCoh(X) we define e  : QCoh(X x Z) — QCoh(X)
similarly. These are external counterparts of the internal sheaf Hom, which we define in the
setting of ind-coherent sheaves on a reasonable ind-geometric stack X as

(8.13) Hon (F,—) = e} xAx, : IndCoh(X) — IndCoh(X).

Here we again assume F € Coh(X). This definition is justified in part by the following result,
and will be more fully justified by Corollary 8.30.

Proposition 8.14. Let X and Z be ind-geometric stacks such that Z is reasonable, and
let F € Coh(Z). Then G%X is left bounded. If X and Z are geometric, the Beck-Chevalley
map Wxel ((G) — egz(f)’X\IfXXZ(g) is an isomorphism for all G € IndCoh(X x Z)%,
and the induced map Vx Hore(F,G) — Home(Vx(F),Vx(G)) is an isomorphism for all
G € IndCoh(X)*.

Proof. Since er x is bounded (Proposition 8.9), e% y 1s left bounded and the two functors
restrict to an adjunction between IndCoh(X )™ and IndCoh(X x Z)*. The analogous statement
holds for ey ,(r),x and efffz (F).X0 and the second claim follows and since W (_) restricts to
an equivalence IndCoh(—)* = QCoh(—)" and since ¥ xyzer x = ew,(r),x Vx (Proposition
8.10). The third follows since Ay, is also compatible with the W) functors, and since we
have an isomorphism — ® Wz (F) = A%ey,r),x of functors QCoh(X) — QCoh(X). O

Suppose that f: X' — X, g : Z' — Z are morphisms of ind-finite cohomological dimension
between ind-geometric stacks, and that Z’ and Z are reasonable. Suppose also that either f
and ¢ are of finite Tor-dimension, or that they have coherent pullback and X, X', X x Z,
and X’ x Z' are coherent. Then for F € Coh(Z) the isomorphism (f X g)*er x = egr) x/ [*
of functors IndCoh(X) — IndCoh(X’ x Z’) yields an isomorphism

(8.15) e%x(f X g)« = f*efl(f),x

of right adjoints.

Similarly, suppose instead that f and g are ind-proper and that g is almost of ind-finite
presentation. Then for F € Coh(Z’) the isomorphism (f X g).er x/ = €4, (7),x fi of functors
IndCoh(X"’) — IndCoh(X x Z) yields an isomorphism

(8.16) eg,X’(f x g)' = flef*(f),x

of right adjoints.

Proposition 8.17. Let X and Z be ind-geometric stacks such that Z is reasonable and X 1s
semi-reasonable, and let F € Coh(Z). Then e%X is almost continuous.

Lemma 8.18. Proposition 8.17 is true when X is affine and Z is geometric.

Proof. In this case QCoh(X) is compactly generated by perfect sheaves. Thus egz(f)’x is
almost continuous since ey, (r) x takes compact objects to almost compact objects by the
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proof of Lemma ?? (if X is not truncated and G € QCoh(X) is perfect, ey, (7 x(G) may
be unbounded but is still almost perfect, hence almost compact [Lurl8, Prop. 9.1.5.1]). It
follows that e  is almost continuous since it and egz(f)7 + are left bounded and intertwined
by the equivalences W " ) (Proposition 8.14). O

Lemma 8.19. Let X and Y be affine schemes, Z a reasonable geometric stack, and F €
Coh(Z). If h: X — Y is a morphism of finite Tor-dimension and h' = h X idz, then for any
G € IndCoh(Y x Z)* the Beck-Chevalley map h*e \(G) — e xh'*(G) is an isomorphism.

Proof. Write X = Spec A and Y = Spec B, and assume first that Z is truncated and
geometric. Since h is affine and h*ef , (G), ef h'™*(G) € IndCoh(X)™, it suffices to show the
given map is an isomorphism after composing with Wy h,. Since the second factor of

Uy ho el (G) = Uyhaelt (W' (G) = Wyel  hLh"

is an isomorphism by (8.15), it suffices to show the composition is. After commuting the
given functors with WUy (hence using Proposition 8.14) and applying the projection formula,

the composition becomes identified with the Beck-Chevalley map

(8.20) On e,y Vyxz(G) © M = eq 7y (Pyxz(G) © py (M),

where py : Y x Z — Y is the projection and we substitute A for M € Modg = QCoh(Y).
Write C for the full subcategory of M € Modg such that 6,; is an isomorphism. The
assignment M +— 6, extends to a functor Modg — Modﬁl, which is exact since both terms
in (8.20) are exact in M. It follows that C is stable and closed under retracts, as isomorphisms
form a stable subcategory closed under retracts in Modél. Clearly B € C, hence C contains
all perfect B-modules. If A is of Tor-dimension < n over B, then we can write it as a filtered
colimit A = colim, M, of perfect B-modules of Tor-dimension < n [Lurl8, Prop. 9.6.7.1].
The claim now follows since tensoring is continuous, since the G ® p3-(M,,) are uniformly
bounded below, and since ef;,y is almost continuous by Lemma 8.18. O

Lemma 8.21. Let X and Z be geometric stacks such that Z is reasonable, and let F &
Coh(Z). If U is an affine scheme, h : U — X a flat cover, and h' = h x idyz, then for any
G € IndCoh(X x Z)* the Beck-Chevalley map h*e} x(G) — ek ,h'™*(G) is an isomorphism.

Proof. Write U, for the Cech nerve of h. Let h; : Uy — X denote the natural map and let
hj, == hy X idz. Given a morphism p: i — j in Ay, let h, : U; = U; denote the associated
map and let k), := h, X idz. By construction we have compatible isomorphisms er by (G') =
hyeruv,(G') for any p and any G" € IndCoh(U;). By Lemma 8.19 the Beck-Chevalley map
hyel . (G") — ey hiy(G') is an isomorphism for any p and any G' € IndCoh(U; x Z)*.
Since h is faithfully flat, we have IndCoh(X )" = lima, IndCoh(U;)" and IndCoh(X x Z)* =
lima, IndCoh(U; x Z)*. The claim now follows from [Lurl7, Cor. 4.7.5.18]. O
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Proof of Proposition 8.17. Suppose first that X and Z are geometric, and let h : U =
Spec A — X be a flat cover. Since e% y is left bounded, and since h* is conservative on
IndCoh(X)* in addition to being continuous, it suffices to show h*ef y is almost continuous.
It then suffices to show et ;2" is almost continuous, since by Lemma 8.21 it has the same
restriction to IndCoh(X x Z)*. But this follows since h’* is continuous and left bounded,
and since e%U is almost continuous by 8.18.

Still assuming Z is geometric, let X = colim X, be a semi-reasonable presentation and
G = colimGs a filtered colimit in IndCoh(X x Z)=" for some n. Since IndCoh(X) =
lim IndCoh(X,) in Catoo, it suffices to show the second factor in

colim et () > i colim ef (Ga) = et (colim Gy)

is an isomorphism for all .. The first factor is an isomorphism since e y is left bounded and
since i}, is almost continuous by the proof of Proposition 6.21. But i;egx = e?_—vxa (iq X idz)"
by (8.16), so the composition is an isomorphism by the first paragraph and the almost
continuity and left t-exactness of (i, X idz)".

Finally, suppose Z = colim Z,, is a reasonable presentation, and write F 2 i, (F,) for
some a and F, € Coh(Z,). By (8.16) we have eff = et il and the claim follows since i,

. . .| .
is left t-exact and since eff | and 4}, are almost continuous. U

8.3. External products and pushforward. If X, Y, and Z are geometric stacks and
F € QCoh(Z), then for any f : X — Y the isomorphism (f X idz)*ery = er x f* of functors
QCoh(Y) — QCoh(X x Z) yields an isomorphism

(8.22) fuek 2 = el o (f % id).

of right adjoints QCoh(X x Z) — QCoh(Y'). This is an external counterpart of the isomor-
phism

Horne(F, fo(=)) = fu Horne (f*(F), —)

obtained for F € QCoh(X) by taking right adjoints of the isomorphism f*(— ® F) =
(=)@ f*(F). Similarly, if f is proper the projection isomorphism f,(F® f*(—)) & fo(F)®@—
yields an isomorphism

(8.23) fu Fen(F, f1(=)) = Hom (fu( F), )

of right adjoints.

This section generalizes these isomorphisms to ind-coherent sheaves under suitable hy-
potheses, letting X, Y, and Z be ind-geometric and f : X — Y a morphism of ind-finite
cohomological dimension. In this setting f, : IndCoh(X) — IndCoh(Y) typically does not
have a left adjoint. Instead, if Z is reasonable and F € Coh(Z), we may take the isomorphism
(f xidz)er x = ery fs of functors IndCoh(X) — IndCoh(Y x Z) and consider the associated
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Beck-Chevalley transformation

(8.24) feek x — el (f xidy).

of functors IndCoh(X x Z) — IndCoh(Y).
Suppose in addition that X and Y are reasonable and that f is ind-proper and almost of
ind-finite presentation. Then for F € Coh(Y') and G € IndCoh(Y') we have a transformation

(8.25) fo o (F, (=) = Home(fu(F), )
of functors IndCoh(Y) — IndCoh(Y") given by the composition
(826) f*e%XAX*f! — 6§7Y(f X idX)*AX*f! — 62—7y(?;dy X f)!Ay* = 6?*(]_—)’YAY*.

Here the last isomorphism is given by (8.16), and we have used the fact that Ax o (f X idx)
is the base change of Ay along idy x f. In the geometric case one can check that if we
restrict to bounded below subcategories, (8.25) and (8.24) are indeed identified with the
isomorphisms (8.22) and (8.23) under the equivalences IndCoh(—)* = QCoh(—)*.

Proposition 8.27. Let X, Y, and Z be ind-geometric stacks such that Z is reasonable and
Y is semi-reasonable. Let f: X — Y be a morphism of ind-finite cohomological dimension
and ' = f x idyz. Then for any F € Coh(Z) and G € IndCoh(X x Z)" the Beck-Chevalley

map f.ef x(G) — ey fL(G) is an isomorphism.

Proof. First assume X, Y, and Z are geometric and Z is truncated. By Proposition 8.14
all functors involved are left bounded and compatible with the equivalences IndCoh(—)* =
QCoh(—)", hence the claim follows from (8.22).

Now let X = colim X, be an ind-geometric presentation, still supposing Y and Z are
geometric and Z is truncated. For every a we have a diagram

Z‘/ /

XaxZ—“»XxZi»YxZ

oL

X, * X Y

of Cartesian squares. Expanding the Beck-Chevalley maps in terms of units and counits,
it follows from the basic properties of these that the counits za*z; — idrox) and i1, by

a*x "

idrc(xxz) fit into diagrams

f*@'a*@'!aeg,x(g) - *ia*e??,xaiﬁ(g) - e%y Vi (G)
(8.28) l l
f*eg,x(g) S%Yf;(g)

compatibly for § > «. That is, the counits za*z'a & z'g*iag*iiwz’!ﬁ — 25*2'6 and ¢

I~
a*Za -

zb*zgﬂ*zgﬁzg o z%*zg intertwine the top compositions in (8.28) for 5 > «. Passing to colimits
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we obtain a diagram

colim f,iaih ek (G) — colimek , f1il,,i(G)

l |

f*e%X(g) - efi_’yf;(g).

The vertical arrows are isomorphisms by Lemma 2.2, the continuity of f, and f, and the left

. Ml
t-exactness of f'i’ 1"

* Tk Qe

together with the almost continuity of egy (Proposition 8.17). But
the top arrow is an isomorphism since the top arrows in (8.28) are by (8.16) and the previous
paragraph, hence so is the bottom arrow.

Now let Y = colimY,, be a semi-reasonable presentation and write F = i,(F’) for some
truncated geometric substack i : Z/ — Z and F’ € Coh(Z’). For any a we have a diagram

o Xa X, xZ
S e
X XxZ Ja|f
| 2
fl i, Yo—|—VY.x2Z
e e
Y Y x 7 la

with all faces but the top and bottom Cartesian, and with i/, =i, x i. We have a diagram

fa*jLG%X(Q) - @'Lf*eg,)((g) - @'Iaeg,yfi(g)

I K

foc*eg,xajg(g) - eg,ya tJn(G) — eﬁ,yaiiifi(g)

in IndCoh(Y,,), where the vertical isomorphisms are given by (8.16). Since the functors i,
determine an isomorphism IndCoh(Y’) = lim IndCoh(Y,) in @oo, it suffices to show the top
right map is an isomorphism for all a. The top left and bottom right maps are isomorphisms
by Proposition ??, right t-exactness of i,. and i,,, and left boundedness of e% - But the

bottom left is an isomorphism by the previous paragraph and left t-exactness of j”, hence
the top right is as well. O

Corollary 8.29. Let X, Y, and Z be ind-geometric stacks such that Z is reasonable and X,
Y, XX Z, andY X Z are coherent. Let f: X — Y be a morphism of ind-finite cohomological
dimension and f' = f X idgz. Then for any F € Coh(Z) and G € IndCoh(X x Z) the
Beck-Chevalley map f.ef x(G) — efy fL(G) is an isomorphism.

Proof. Under these hypotheses f.ef (G) and ef  f/ are continuous and IndCoh(X x Z)
is compactly generated by Coh(X x Z) C IndCoh(X x Z)*, hence the claim follows from
Proposition 8.27. O
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Note that the extension of sheaf Hom from the geometric to the ind-geometric setting is
uniquely determined by the following corollary, since we can always write F € Coh(X) as
i.(F") for some reasonable geometric substack i : X’ — X and F’ € Coh(X’).

Corollary 8.30. Let X and Y be reasonable ind-geometric stacks, f : X — 'Y an ind-proper,
almost ind-finitely presented morphism of finite cohomological dimension, and F € Coh(X).
Then for any G € IndCoh(Y)* the natural map f. Howre(F, f(G)) — Hewme(f.(F),G) is an

1somorphism.

Proof. Under these hypotheses Ay, f' is left bounded, hence the claim follows from Proposi-
tions 77 and 8.27. U

Corollary 8.31. Let X and Y be coherent ind-geometric stacks such that X x X, X xY,
and Y XY are coherent, f : X — Y an ind-proper, almost of ind-finitely presented morphism,
and F € Coh(X). Then for any G € IndCoh(Y) the natural map f.Hewn(F, f(G)) —
Horre (fo(F),G) is an isomorphism.

Proof. Follows from Proposition 7.10 and Corollary 8.29. OJ
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